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PEEFACE. 



Attentiox has been strongly directed of late to the 
mode in which geometry is usually taught in this 
country, and several vigorous attempts have been 
made to supersede Euclid as a text-book. Euplid's 
method has been objected to, as being needlessly rigid, 
and consequently needlessly difficult for beginners, 
some of the most serious difficulties unfortunately 
being encountered in the earliest propositions. It has 
been supposed that by extending the field embraced in 
the postulates, allowing the use of hypothetical con- 
structions, and adding two or three axioms, the truth 
of which no one will dispute, many, if not all of these 
difficulties may be avoided. It may be conceded that 
Euclid's method is difficult ; but those who object to 
this should remember that the object of the study 
of geometry is not merely to obtain a knowledge of 
the relations and properties of geometrical figures, but 
to train the logical and perceptive faculties by a course 
of the most rigid and exact reasoning. The elimina- 
tion of all the difficulties would deprive the study of 
nearly all its utility. It takes a beginner a long time 
to master the first six or seven propositions in Euclid, 
but it is quite a mistake to suppose that his real 
progress in geometry, as regards its higher and more 
important uses, is to be measured by the number of 
propositions thus learnt. The first six propositions in 
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Euclid coutain as much real geometrical attidy as three 
or four times that number in some other systems that 
might be mentioned. 

It must also be remembered that Euclid's method is 
not identical with Euclid's text. The former may be 
retained in all its essential features, while the latter 
may have its phraseology or arrangement modified, so 
as to make the course of the reasoning more evident 
to a beginner. This is what has been attempted in 
the present work. The author has endeavoured to 
enable the learner to gain an accurate idea of the 
chain of reasoning in each proposition, to get him to 
discriminate clearly between the data and the infer- 
ences, to point out the logical pitfalls that he must 
guard against, and, generally, to present the proposi- 
tions in the shape which would probably be given to 
them by an intelligent teacher, who was endeavoi^ring 
to make a beginner understand the text of Euclid. It 
requires some experience in teaching and examining 
boys to become aware in how many cases learners who 
have '* gone through Euclid," and can write out the 
propositions with perfect exactness, are absolutely 
destitute of any intelligent comprehension of the 
reasoning. The result achieved is a mere effort of 
memory. Over and over again the author has met 
with those who could write out or go through the 
fifth proposition of the first book, as it stands in the 
text of Euclid, without a mistake, and yet had not 
even the slightest idea that the enunciation contained 
a statement of something that was known to begin 
with, and something else which had yet to be deduced 
from the data. 

By way of introduction to each proposition, the 
various axioms, postulates, and propositions which are 
assumed in the course of the construction or demon- 
stration are stated at length. Many may think this . 
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superfluons ; but it will usually be found that when 
boys are set to prepare propositions from the text of 
the ordinary editions of Euclid, not more than one in 
twenty gives himself the trouble to recollect, or refer 
to the previous propositions which are employed in 
any given demonstration. By setting forth explicitly 
and at length all that is assumed as known in the 
course of a demonstration, the mutual dependence of 
the propositions is far more clearly perceived, and 
each proposition becomes an independent whole, ad- 
mitting of being comprehended and mastered without 
a knowledge of the mode in which the subordlnatj 
propositions are to be established. 

In teaching geometry I attach very great importance 
to the repetition of the propositions with figures to 
different shapes and in different positions. Anothe^ 
point which should be rigidly insisted on is, that iu all 
cases in which construction is required, the illustrative 
diagram should be drawn step by step according tj 
the directions given. In the definition of angular 
magnitude some eminent teachers avail themselves of 
the conception of the revolution of a straight line 
from a given position round a fixed point in the line 
itself. This furnishes the beginner with an admirable 
illtutration, but I conceive it is a mistake to embody it 
in a definition, since the conception of an angle may be 
formed independently of all idea of motion or revolu- 
tion; just as it would be unnecessary (not to say 
incorrect) to define a line as produced by the motion 
of a point. In fact it is a mistake to say that the 
motion of a point produces a line. All that it pro^ 
duces is a change in the position of the point. The 
line along which the point has moved is a separate 
creation of the mind. In like manner the revolution 
of a line does not produce angular magnitude; it 
produces only a change in the position of the line. 
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Angular magnitude i» a separate product of thought, 
for which a certain relative position (not motion) of two 
lines is essential. 

Whatever may be the difficulties or defects of 
Euclid's ''Elements/' it is tolerably certain that it 
will be a long time before it is superseded as a text- 
book. Meanwhile it is of importance that those who 
have to use the book should understand it as 
thoroughly as possible. It is hoped that the present 
treatise may help many towards the attainment of 
that object. 

The greater part of this work is a second edition of 
•* The First Book of Euclid explained to Beginners ; " 
to this has been added an investigation of the Second 
Book, conducted on similar principles. 

0. P. MASON. 



THE 



FIEST BOOK OF EUCLID 



EXPLAINED TO BEGIMERS. 



The First Book of Euclid treats of the properties of 
figures made up of points, straight lines, and circles, 
and drawn in one and the same plane. 

DEFINITIONS, 

Btf, I. A point is something which is indivisible, 
that is, which has no magnitude. 

Bef, II. A line is that which has length .without 
breadth. 

Bef. V. A superficies, or surface, is that which has 
length and breadth, but not thickness. 

The use of these definitions is to caution us that in 
geometry we are not reasoning about such figures as we 
can draw with a pen or pencil upon a sheet of paper. 
Figures of this kind are used in the study of geometry, 
but only for the purpose of helping the memory and 
imagination. The propositions of geometry can only be 
absolutely true of figures that are absoluUly perfect. But 
absolutely perfect fig^es can only be imagizked. It is 
impossible even to get a continuous surface^ The only 
physical surfaces that we can deal with are made up of 
atoms lying very close to each other, but not absolutely in 
contact. The finest stroke that is visible must have a 
certam amount of breadth, or it could not reflect Hght or 
be visible at all ; and moreover, no line that we ean draw 

B 
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is without break, for it must be drawn upon some surface, 
and no visible surface is continuous. The smallest dot 
that can be made is a spot of some size. But these rude 
material surfaces, lines, and points sttggest to our minds the 
perfect surfaces, lines, and points which we deal with in 
geometry. The definitions of these given by Euclid are 
entirely negative in their character, and warn us that we 
must correct our first rough notion of a point till, by an 
effort of the mind, we have got rid of the idea of size alto- 
gether, and in like manner correct our first rough notion of 
a line till we have got rid of the idea of breadth. The use 
of the figures drawn in geometry is to aid us in imagining 
those perfect figures about which we really reason. 

As the surfaces and lines treated of in geometry exist 
only in our conceptions, and are not actual material objects, 
we can speak of surfaces and lines of itiJiniU extent, that is, 
having no limits or termination. 

J)ef. III. The extremities of a finite or bounded line 
are points. 

Bef, VI. The extremities of a finite or bounded 
surface are lines. 

Bef rV. A right (or straight) line is one which lies 
evenly between its extremities. 

It is impossible to define the term right or straight with- 
out using some equivalent word which needs definition 
quite as much as right or straight itself. Our notion of 
straight is one of those primary conceptions of form which 
cannot be analysed into simpler elements. Euclid's defini- 
tion is, moreover, faulty, inasmuch as it would not be 
applicable to a straight Une of infinite length, which has 
no extremities. 

Bef VII. A plane surface is one which lies evenly 
between its extremities. 

This definition errs in the same manner as the last. It 
is better to define a plane surface as a surface such, that if 
any two points be taken upon it, the straight line drawn 
from the one point to the other lies entirely on the surface. 
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Bef, A. Any combination of lines draWn upon a 
plane is called a plane figure. 

Def, XrV. A plane bounded figure is a plane sur- 
face bounded by a line or lines. 

Def, XX« A plane rectilineal figure is a figure 
composed of straight lines, drawn upon the same 
plane. 

Def, B, The distance between two points is the 
length of a straight line drawn from one to the other. 
A straight line drawn from one point to another is said 
to join those two points. 

Def. C, The area of a bounded figure is the extent 
of surface enclosed within its boundary. 

Def. VILE. A rectilinear angle is the opening 
formed between two straight lines which meet. It 
is also defined sometimes to be the inclination of one 
straight line to another. 

Beginners often find difficidty in properly understanding 

the natnre of ang^ular magnitude. The size of an angle has 

nothing to do with the length of the lines by the meeting 

of which it is formed, nor has it anything to do with the 

quantity of space which is (at least partially) enclosed by 

these lines. Perhaps the best way of explaining the 

matter to a beginner is the following: — Take a pair of 

compasses ; when the legs are shat close together, no angle 

is formed between them ; begin to open the compasses, and 

one leg forms an angle at the joint with the other leg. The 

more the compasses are opened the larger this angle becomes 

— the greater is the slope or inclination which one leg has 

to the other. It is evident 'at once that this increasing 

angle does not depend for size upon the length of the lines 

that form it, for the legs of the compasses remain of the 

same length, howerer widely they may be opened; and 

any angle formed by them would remain just the same in 

size if half the legs were broken off. 

Def, D. Two angles are equal when they admit of 
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being placed one upon the other, so that the point of 
the one angle coincides with the point of the other, 
and the lines that form the one angle coincide in 
direction with the lines that form the other. 

Def, E. Of two angles one is larger than the other, 
when a Hne may be drawn between the lines forming 
the first angle, from the point where they meet, so 
as to form with either of them an angle equal to the 
second angle. 

Def. X. When one straight line meets another, and 

makes the adjacent angles 
equal to each other, each of 
those angles is called a right 
angle, and the one line is 
said to be perpendicular to 
the other.* 
Def, XI. An obtuse angle 
is an angle which is larger than a right angle. 

Def, XII. An acute angle is an angle which is 
less than a right angle. 

Def. XV. A circle is a plane bounded figure, con- 
tained by one line, which is called the circumference, 
and is such, that every point in it is at the same dis- 
tance from a certain point within, which is called the 
centre. 

Def, F, A straight line drawn from the centre to a 

point in the circumference, is called a radius of the circle. 

It is another mode of stating the definition of a 

circle to say, that all the radii of the same circle are 

equal to one another. 

* Beginners are extremely apt to confound perpendicular 
with ttraight ; and also to suppose that if one line be per- 
pendicular to another, the latter must be horizontal. This 
is not at all necessary : the lines may be in any conceivable 
position, so long as their inclination to each other is such as 
is stated in the definition. 
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Btf, XVii. A diameter of a circle is a straight line 
drawn through the centre, and terminated both ways 
by the circumference. 

It is obvious that the half of a diameter is a 
radius. 

Bef, XXI. A triangle is a plane bounded recti- 
lineal figure, formed by three straight lines. 

Bef. XXII. A quadrilateral is a plane bounded 
rectilineal figure, formed by four straight lines. 

Bef, XXTTI. A polygon is a plane bounded rec- 
tilineal figure, formed by more than four straight 
lines. 

Bef. XXrV. An equilateral triangle is a triangle 
which has its three sides equal to one another. 

2>c/. XXV. An isosceles triangle is a triangle 
which has two sides equal. (An equilateral triangle 
may be regarded as an isosceles triangle if only two 
of the sides are considered.) 

Btf, XXYI. A scalene triangle is a triangle no 
two sides of which are equal. 

Bef, XXYII. A right-angled triangle is a triangle 
one of whose angles is a right angle. That side of a 
right-angled triangle which is opposite to the right 
angle, is called the hypotenuse. 

Bef, XXVin. An obtuse-angled triangle is a 
triangle one of whose angles is obtuse. 

Bef, XXIX. An acute-angled triangle is a triangle 
which has all its angles acute. 

Bef, XXXV. Parallel right lines are lines drawn 
in the same plane, which, however for they may be 
produced both ways, do not meet. 

Bef, G, A parallelogram is a four-sided figure, the 
opposite sides of which are parallel. 

. Bef, H, A rectangle is a parallelogram which has 
all its angles right angles. 

Bef, XXXI. A square is a rectangle which has all 
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its sides equal. (Or, a square is a four-sided figure, 
with all its sides equal, and all its angles right angles.) 

2>e/. XXXm. A rhombus is a parallelogram which 
has all its sides equal, but its angles not right angles. 

Btf, XXXrV. A trapezium is a four-sided figure, 
which has two of its sides poralleL 

POSTTLATES. 

The figures reasoned about in geometrj are mental 
fig^ores — figures which we imagine to otirselTes. Dia- 
grams drawn on paper are used onl j to assist the imagina- 
tion an4 memory. With practice the mind ma j be trained 
to go through demonstrations of considerable length with- 
out any diagram before the eyes. There would therefore 
be nothing absurd or inconsistent in assimiing ourselves at 
once to be able to construct any required figure, such as a 
paralldogram, or an equilateral triangle, or to make one 
line perpendicular to another, without the aid of any sim- 
pler processes ; that is to say, we might at once imagine 
aoy figure to be before us, and then reason about its pro- 
perties. But part of the science of geometry consists in 
showing how the simplest figures that we can conceive may 
be combined so as to form such as are more complicated. 
We must, however, assume, that we are able at once to 
make those elementary figures, by combinations of which 
all other figures may be produced. Accordingly, in geo- 
metry, the following postulates (or ** things demanded ") are 
laid down. 

First postulate. "Let it be granted, that a right line 
may be drawn from any given point to any other given 
point. 

Second postulate. Let it be granted, that a given 
finite right line may be produced (or continued) both 
ways to any length that we please. 

Third postuUxte. Let it be granted, that a circle may 
be described with any given point as centre, and at any 
distance from that centre* 
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It ii obviouHf that no oombinatlon of liinplor fi^ren 
U uither roquiHite or poMNiblo, iu ardor to produod the 
*' oonHtmction "* upocified in tho«o pofltulatoN. 

The moit important anpeot of the poHtulatoM i«, however, 
that thej are of a r$Mtrietive foroe. It i« implied in thoiri, 
that no oonBtruotiou ie allowable in geometry which cannot 
bo offocted by oombinationt of theiie, throe primary oon- 
atruotiona. 

AXIOMS. 

Tlie r^a^ninge of geometry are baiiod upon certain 
primary tnithN with roHpoot to magnitudf^H and linos, which 
Are soH-ovidfmt, and do not admit of boing deniountratod 
by the application of truth n of a tiimplor kind. TIicno 
primary propositions are oallod axioms. They are the 
following : — 

I. Magnitudofl which aro equal to the same, are 
equal to one another. 

II. If equals bo added to equals, or if equals be 
added to the same, the sums will be equal. 

III. If equals bo taken fVom equals, or if equals be 
taken firom the sairio, the remainders will be ecjual. 

TV. If equals be added to unequals, the sum of the 
one of the equals and the greater of the uncKjuals will 
be greater than the sum of the other equal and the 
smaller of the two untuiuals. 

V. If equals be taken from unequals, the remainder 
left, when one of the equals has been taken from the 
greater of the unequals, will be greater than the 
remainder left when the other ec^ual has been taken 
f^om the smaller of the unequals. 

A. If the larger of two unequal magnitudes be 
added to the larger of two other unequal magnitudoH, 
and the less to the less, the sum of the two larger 
magnitudes will bo larger than tlie sum of the two less. 

* The process by which any ftguro is produced, Is called 
the oonstruciien of the figure. 
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VI. Things which are doubles of the same, or of 
eqaals, are equal to one another.* 

yil. Things which are halves of the same, or of 
equals, are equal to one another, f 

That "the whole is greater than its part," need not be 
set down as a separate proposition, since it is involved in 
the very import of the words whole and part. 

That magnitudes which coincide with each other, that is, 
which fill exactly the same space, are equal (or of the S€une 
size), is a mere verbal truth; "to fill the same space," is 
"to be of the same size." "To be of the same size," 
however, does not always involve "to fill the same space." 
Areas may be equal, and yet of different shapes. 

X. Two straight lines cannot enclose a space. 

B. Two straight lines may be so placed one on the 
other as to coincide with each other in direction, and 
cannot diverge from one another if they coincide for 
any portion of their length.J 

XTT. If two straight lines meet a third, and make 
the two interior angles on the same side of it together 
less than two right angles, those lines will meet if 
produced. 

C. If part of one bounded figure (and part only) be 
inside another bounded figure, the peripheries of those 

♦ This is properly only a particular case of the second 
axiom. 

t The first part of this axiom is only the definition of 
halves in another form. The second part is properly an 
inference from Axiom 6. For if the halves of two mag- 
nitudes were unequal, the doubles of those halves, that is, 
the magnitudes themselves, would be unequal. 

X The latter part of this axiom is commonly set down as 
a corollary to the thirteenth proposition ; but it is really 
made use of much earlier, — ^in the fourth proposition, in the 
proof of which we have to make use of the truth that two 
equal straight lines will coincide throughout their entire 
length. 
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two figures must intersect one another in two points 
at least. 

That all right angles are equal, is a proposition that 
admits of being proved. 

THE NAMING OF ANGLES. 

An angle is named either by a letter placed at the 
point of intersection of the lines which form it, or by 
three letters, one at the point of intersection of the 
lines forming it, the others at some point of these two 
lines respectively.* In reading these three letters, that 
letter is always placed between ^ 

the other two which is at the 
point of the angle. Thus the 
annexed angle would be called 
either B A C or C A B, but not 
A B or A C B. 

SUPERPOSITION OF FIGUHES. 

A device* of which frequent use is made in proving 
propositions in geometry, is to compare figures, by 

* A triangle is named by placing a letter at each of the 
three angles. Thns it comes to pass that the same three 
letters by which each of the angles of the triangle is 
named, are also used to name the whole triangle itself. 
One unfortunate consequence of this is that beginners 
often get into confusion, and when they name an angle of 
a triangle (that is, the opening formed between two of the 
sides of the triangle), fancy that they are talking about the 
whole of the three-sided figure. Many teachers would be 
surprised to find how often this blunder is made without 
being detected. It needs to be guarded against with the 
most constant vigilance. In order that the eye may help 
the understanding, the mark Z. '^^iU be used in this b ook 
for the word angle^ and the mark A for the word triangle. 
Of course ^s will mean angles, and As will mean triangles. 
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supposing one of them removed from its separate posi- 
tion and applied to the other, so as to coincide with it, 
wholly or partially, as the case may be. No difficulty 
will be found in this, if it be remembered that the 
figures with which we are really concerned, exist only 
in the mind, and have no definite relation to any 
particular locality, so that they may just as well be 
conceived of in one position as in another, with all 
their parts and properties exactly the same as before. 
When,. therefore, we talk of appl3ring one figure to 
another, we mean that we are to conceive the figures 
in our minds as being so situated, with respect to each 
other, that certain parts, or all the parts of each may 
coincide 

In doing this there are some mistakes against which 
beginners must be particularly cautioned. They may 
seem trifling, but they must not be disregarded. Not 
the smallest point must be taken for granted, if it is 
not one of the facts which we are supposed to be 
acquainted with, before we begin our reasoning in 
any case, or some truth which has been rigidly 
demonstrated. It is this exactness which is demanded, 
which gives to the study of geometry its great value. 
The reasoning applied is in no respect different in 
kind from what is applied to any other subject : but 
the subject-matter of the science is perfectly simple ; 
there are no collateral matters to be taken into account ; 
and every one can form a perfect conception of the 
things reasoned about. Respecting the meaning of 
equal and unequal, straight line, circle, &c., there can 
bo no mistake. But this, at the same time, occasions 
a danger to which beginners are liable. Many of the 
truths demonstrated are so very evident, that the 
mind gets impatient at going through the steps of the 
proof. It must be borne in mind, that the object 
of the propositions is not to convince us of the truth of 
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certam facts, or of tihe existence of certain properties 
in figores, but to show in what way these /acts or 
properties are to be deduced from the simple elements to 
which we are limited at starting. There must not, 
therefore, be a single break or flaw in the chain of 
demonstration which connects the first beginning with 
the final conclusion. The most minute exactness 
must be observed at every step. 

Suppose that we have two right lines, AB and 
D, of equal length, and that 
it is requisite for any pur- ^ \ ^ 

pose that the one should be q j^ 

supposed to lie upon the 

other. We may say, " Place the point A upon the 
point C, and let the line A B lie along the line G D ; 
then, because the lines are equal, the point B will 
coincide with the point D." But it would be wrong 
to say, "Let tiie point A be placed upon the point C, 
and the point B upon the point D,*' or anything 
equivalent to this, because that would imply, that, 
after we have fixed the position of the point A, 
and the direction of the line AB, we can then 
make the point B fall where we like. When we have 
fixed the position of one end of a given line, and 
the direction in which it is to lie, we have nothing 
more under our control. The length of the line itself 
determines where the other extremity will fall. We may 
be able to say where that other end will fall, but we 
must not ose language implying that we can make it 
fell where we choose. 

Suppose that there are two ^s of the same size,* 

* Let it not be forgotten that the size of the ^s in no 
way depends npon the length of the lines which form 
them. The ^ A B G would be of the Kune size, whether 
contained by lines a mile long, or by lines of the length of 
a hairVbreadth. 
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ABC and DEF, and that the one /_ has to be 

placed upon the other. 
* We may say, " Place 
the point B upon the 
point E, and let the 
fi c E r line BC lie along the 

line EF (whether the 
point C will fall on the point F depends upon whether 
the line B C is equal to the line E F or not). But 
having done that, we must not say, let (or make) 
the line B A lie along the line E D ; because that 
would imply that when we have fixed the position of 
one of the lines containing a given ^, we can also 
make the other line lie in any position that we choose. 
But this we cannot do. When one side of a given Z_ 
is fixed, it is the size of the angle which determines in 
what direction the other side will lie. It is obvious, 
that if the ^s A B and DEF are equal, and the 
sides B and E F coincide in direction, the sides 
B A and E D will also coincide in direction (if the ^s 
be made to lie on the same side of the coinciding 
lines). But that is not because we make them coin- 
cide, but because the equal size of the ^s makes them 
do so.* 

PBOBLEMS AUTD THEOREMS. 

The propositions in the First Book of Euclid are 
divided into two classes, problems and theorems. In a 
problem, it is required to show how a figure, having 

* It may seem almost trifling to introduce such simple 
considerations as these so elaborately ; but I have known 
persons who, after studying Euclid for years, have been 
unable to demonstrate properly the fourth proposition in 
the first book, from not having attended to the caution 
above laid down. 
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certain specified properties, may be constructed by a 
combination of those elementary constructions to which 
we are limited by the postulates. In a theorem it is 
required to demonstrate by the direct or indirect 
application of those elementary truths which are laid 
down' in the axioms that figures haying certain spe- 
cified properties have also certain other properties. 
(Some remarks, in further explanation, will be most 
conveniently appended to the second and fifth pro- 
positions.) 

Let it be observed, that the object of the problem is not 
to furnish us with practical rules for drawing fig^ures on 
paper, &c., having the reqiiired properties (With such an 
approach to accuracy as the nature of the means employed 
would admit of), for, by the aid of compasses, and other 
mathematical instruments, this may be effected in a more 
convenient manner. Nor are they designed to help us in 
conceiving of the figures which* it is their object to produce. 
For, if we wish to have a square, or an equilateral Af 
to reason about, there is nothing to hinder us from con- 
ceiving the figure at once. The object of the problems is 
purely th^t described in the preceding paragraph. Again, 
it is not the object of the theorems to convince us of the 
truth of what is proved in them. In a large number of 
cases, most people would never imagine it possible to 
doubt the truth of these propositions. The object is to 
show by what intermediate steps the truth to be proved must be 
connected with the primary axioms and definitions with which 
we start. Most beginners are surprised and tired by what 
appears to them the unnecessary tediousness of some of the 
demonstrations. This is only because they do not under- 
stand the real object of those demonstrations. 



AU right angles are equal. 

This may be proved as follows : 

Let ABC and D E F be any two right ^s. Pro- 
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duce the line C £ to any point M, and the line F E 

to any point H. 



D K 



M. B C U 



Suppose the figure 
MABO to be applied 
to the figure H D E F, 
so that the point B 
may coincide with the 
point E, and the line M lie along the line H F. 

Let the figures lie on the same side of the common 
line: 

Then the line B A must lie along the line E D ; 
for if it do not, but lie in some other direction, such 
as E K, inasmuch as H E K and KEF would be the 
same as the ^s MBA and ABC, we should haye 
the ^s HEX and KEF equal to one another (see 
the definition of right Z^); and also, HED and 
D E F equal to one another. 

But as the Z H E K is larger than the ^ HE D, 
it must be larger than the ^ D E F, which is equal 
toHED. 

But DEF is larger than KEF; much more, 
therefore, must HEK be larger than KEF, or 
HEK and KEF are unequal to each other. But 
this contradicts what was before known, that HEK 
and KEF, or (what are the same ^s,) MBA and 
ABC are equal to each other. 

Now a supposition, which of necessity leads to a 
contradiction of what is known to be true, must be a 
false supposition. 

The supposition which led us to the above contra- 
diction was, that the line BA did not coincide with 
the line E D when the figures were placed upon one 
another as described. 

This supposition, then, is a false one. But, to show 
that it is false to suppose that B A and E D do not 
coincide, is equivalent to proving that it it true that 
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they do coincide, or, in other words, that the ^ A £ C 
is equal to the ^ D E F. 



FBOFOSITION I. 
Problem. 
On a given finite right line to construct 
an equilateral triangle.* 

The following postulates and azioma are made 
use of in the construction and demonstration in 
this proposition : — 

1. Fostulate I. A straight line may he drawn from 
a given point to aQy other given point. 

2. Fostulate IIL A circle may he descrihed with a 
given centre, and at any distance from that 
centre. 

3. Axiom I, Magnitudes which are equal to the 
same, are equal to one aaother. 

4. Axiom C. If part of one bounded figure (and 
part only) he inside another hounded figure, the 
boundaries of those two figures must intersect 
one another in two points at least. 

5. Definition F. All radii of the same drcle are 
equal to one another. 

Let AB be the given finite right line. 
With the centre A, and at the distance A B, describe 
the circle C B E. (Post. ni. ) 

* By speaking of the line as " given," it is meant that 
its position is given. By speaking of it as ** finite," it is 
meant that its length is given. A ^ is said to be con- 
structed on a given finite right line when that line forms 
one of the sides of the ^. Bespecting the use of the 
marks A and ^, see the note on p. 9. 

Gaxttion. — Whenever any conatruetion is required in the 
course of a proposition, the learner should never be allowed 
to draw the whole figure to begin with, but should be made 
to draw it ttep by step, as directed in the text. This is of 
vital importance. 
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With the centre B, and at the distance £A, 

describe the circle 
A OF. (Post, in.) 

Part of the circle 

£GB is inside the 

F circle A OF, and part 

outside, therefore these 

. circles must intersect in 

two points. Call these 

points C and D. 

Take either of these 

points (say 0), and join A and by the right line 

AC,* and and B by the right line B. (Post. I.) 

We thus get a A A B, and that this A is a A 
such as was required, may be proved as follows : — 

The lines A B and A G are radii of the same circle 
E C B, and therefore are equal to one another 
(Definition F) ; and the lines B and B A are radii of 
the same circle A G F, and therefore are equal to one 
another. 

But since the lines A G and B G are both equal to 
the line A B, they are equal to one another ; or, in 
other words, AGB is ai^ equilateral A} and is con- 
structed on the line A B. 

It would have done equally well if we had taken the 
point D, and joined D and A, and D and B. The demon- 
stration would have been word for word the same as above, 
only substituting D for 0. 



PBOPOSITION n. 

From a given point to draw a straight line 
equal to a given finite straight line. 

♦ Two points are said to })e joined by a right line when a 
right line is drawn from one to the other. 
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For the construction in this proposition we tnust 
be able — 

1. To join two g^ven points by a right line. 
(Post. I.) 

2. To produce a given right line to any length. 
(Post. II.) 

3. To describe a circle with a given centre and at 
a given distance from that centre. (Post. III.) 

4. On a given finite right line to construct an 
equilateral ^.* (Prop. I.) 

In proving that the construction furnishes us with 
a line drawn as required, we must know — 

1. That radii of the same circle are equal to one 
another. (Def. XIV.) 

2. That magnitudes which are equal to the same, 
are equal to each other. (Axiom I.) 

3. That if equals be taken from equals, the re- 
mainders are equal. (Axiom III.) 

Let A be the given point, and B the given right 
line. 

Join A and one end (say 0) of the line B 0, by the 
line A. (Post. I.) 

On A construct an equilateral A AD 0. (Prop. I.) 

With as centre, and at the distance B, describe 
a circle. (Post. III.) 

Produce the line D C till it cuts the circumference 
of this circle in the point E. (Post. II.) 

* In the construction, in propositions, use is frequently 
made of complex constructions, the mode of performing 
which has been shown in some previous proposition. Strictly 
speaking, all the details of these constructions ought to be 
gone through for the case in hand ; but, to save time and 
avoid confusion, it is usual simply to suppose that these 
details have been gone through, and that we have got the 
required result. In any given case, it would be possible to 
analyse the construction, however complex, into its ultimate 
elements, namely the postulates. 

C 
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Witb D as centre, and at the distance D E, describe 

. a circle. (Post. III.) 

Produce the line DA to 
meet the circumference of this 
circle in the point F. (Post 
in.) Then A F wiUbe a line 
drawn as required. For — 

The lines D£ and DF are 
equal, being radii of the 
same circle. (Def. XIV.) 

The lines I) C and D A are 

also equal, being sides of an 

equilateral A* 

If the equals, D C and D A, be taken from the equals, 

D E and D F, the remainders, C E and A F, will be 

equal. (Axiom III.) 

The lines, B and G E, are equal, being radii of the 
same circle. So that the lines B and A F are both 
equal to the line G E. 

Therefore G B and A F are equal to each other. (Ax. 
I.) And as the line AF is drawn from the point A, 
and is equal to B G, it is drawn as was required. 

Haying got one line drawn from the given point, 
and of the given length, we can draw a line of the 
same length &om the same point in any other direction. 
Any line drawn from the point A to a point on the cir- 
cumference of a circle drawn with A as a centre, and 
at the distance AF, will be of the same length 
as AF. 

Beginners always find this proposition very troublesome 
to remember. The principle upon which the construction 
is made must be carefully attended to. The given point 
may be joined with either extremity of the given Une. 
The equilateral A constructed on this joining line, may be 
oonstmoted on either side of it. The circle described with 
the given line as a radius, must have that end of the given 
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line as a centre, which was joined by a right line to the 
given point. The centre with which the second circle is 
described must be that vertex of the equilateral £^ which is 
opposite to the line on which it was described. The radius 
with which the second circle is to be described is to be 
obtained by producing that side of the equilateral A which 
lies between this vertex and the end of the given line which 
was joined with the given point, until it outs the circum- 
ference of the first circle. Then that side of the equilateral 
^ which lies between the centre of the second cirde and the 
given point, must be produced through the given point 
(not backwards through the centre of the second cirde), till 
it meets the circumference of the second circle. 

As there are two ends to the given finite right line, with 
either of which the given point may be joined, and as the 
equilateral A iiiay be constructed on either side of the 
joining line, there are four distinct constructions by which 
the problem may be solved in any given case. Thus, for the 
relative positions of the line and point given above, besides 
the construction depicted before, there are the three fol- 
lowing : — \ 
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The letter B has been put where the letter G was, and 
where B was, in the third and fourth cases, which allows 
the description of the construction, and the proof of its cor- 
rectness, to remain word for word the same in all four cases. 

When the proposition has been mastered with the first 
construction, it should be carefully gone through with each 
of the other three ; and then all four methods should be 
applied to several cases where the given line and the given 
point are in different relative positions. By attending to 
the general directions, all possibility of mistake will be 
avoided. 

In repeating the proposition, let care be taken not to use 
the same letters to mark the different points of the figure. 



PBOPOSITION III. 

From the greater of two given straight 
lines, to cut off a part equal to the less. 

To do this we must be able, — 

1. From a given point to draw a straight line 
equal to a g^ven straight line. (Prop. II.) 

2. With a given centre, and at a given distance 
from that centre, to describe a circle. (Post. III.) 

To prove that the construction is correct, we must 
know, — 

1. That radii of the same circle are equal. (Def.F.) 

2. That magnitudes which are equal to the same 
are equal to each other. (Ax. I.) 

Let A B and D be the two given straight lines, of 

which A B is the greater. 

From the point A draw the 

straight line A E equal to C D. * 

(Prop, n.) 

With A as centre, and at the 

distance A E, describe a circle, 

cutting the line AB in the 

* At this step the whole of the construction given in 
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point F. (Post, m.) A F is the part of AB wliich 
was required. 

For, A £ and A F are equal, being radii of tlie same 
circle (Def. XIV.) ; and as A E and C D are equal, A F 
and D are both equal to A £. (Ax. I.) 

Therefore A F and C D are equal to one another; or, 
in other words, A F has been cut off from A B of the 
same length as D. 



The shape of a A is not determined if we know only the 
lengths of two of its sides. For an infinite number of As 
may be constructed, having two sides of the same length 
respectively. Thus, in the following ^s, the sides A B and 
B G are of the same lengfth respectively in each : — 

B B G 



B 







It is obvious, therefore, that we cannot pronounce two 
/^B to be of the same shape merely because two sides of the 
one are equal to two sides of the other, each to each ; for if 
we could, we should be able to say that aU the above ^s 
were of the same shape. But if we also know the size of 
the ^ between A B and B C, then the shape of the A is 
determined. Let the above caution be carefully attended to. 
The neglect of it is a very common error with beginners. 

Prop. II. is mpposed to be gone through, and the line A E 
to be a line obtained as the resiUt of all the operations there 
indicated. Without going through the construction we 
cannot tell whether the line required will fall exactly in the 
position A E ; but as the direction of the line A E is not a 
point of the least consequence for the rest of the con- 
stmotion, we need not trouble ourselves about it. 
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PBOPOSITIOH" IV. 

If two triangles have two sides of the one 
equal to two sides of the other, eaoh to eaoh, 
and have likewise the angle inoluded be- 
tween those two sides in the one equal to 
the angle inoluded between the correspond- 
ing sides of the other, then the bases, or 
third sides, will also be equal, and the re- 
maining angles will be equal, each to eaoh, 
those being equal to one another to which 
equal sides are opposite. 

In proying this propofdtion we are supposed to be 
able to place a given figure in anj other position 
that we choose {see p. 9) ; and we are supposed 
to know— 

1. That two straight lines may be so placed one 
upon the other as to coincide with eaoh other in 
direction, and cannot diverge from one another 
if they coincide for any portion of their length. 
(Ax. X.) 

2. That two straight lines cannot enclose a space. 
(Ax. XL) 

Suppose that ABO and D E F are two As, in which 

the sides A and C B of the 
one are equal to the sides 
DF and FE of the other, 
each to each (t.e., AC to DF, 
and OB to FE), and the Z. 
A B (included between the 

tides AC and OB) equal to the ^ DFE (included 

between the sides D F and F E).* 

* Let it be observed, that this is all that we are able to 
assert about the As* ^^ etart with. Although it is true that 
aU the other parts are also equal to each other, yet this has 
still to be proved, and before it has been proved we must on 
no account take it for granted, or speak of the equality of 
the other parts as a truth already known. 
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It has now to be proved that the dde A B is equal to the 
side DE; that the ^ GAB is equal to the Z. FDE ; that 
the ^ B A is equal to the ^ F E D ; and that the ^s are 
equal in area. 

The mode of proving this is to show that the one A may 
be so placed upon the other as to coincide with it in every 
part. 

Apply the A ACB to the A DFE, so that the 
point A may coincide with the point D, and the 
straight line AO lie along the straight line DF. 
(Ax. X.) Then, because the lines AC and DF are 
equal to one another, the point will coincide with the 
point F.* 

Next, let the As lie on the same side of the line DF. 
Then, because the ^ A C B is equal to the ^^ D F E, 
the line B will lie along the line F E ; t and because 
the point coincides with the point F, and the line OB 
lies along F E, and is equal to it, the point B will 
coincide with the point E. X 

♦ You must not say, " Let the point coincide with the 
point F ;** because that would imply that you could let it 
coincide with it, or not, as you pleased. When one end, A, 
has been fixed, and the position of the line A C determined, 
the length of the line determines where the other end will 
fall. See p. 11. It will do just as well if you place the 
point G upon the pomt F, and let the line G A lie along the 
line FD. Then because the lines G A and FD are equal, 
the point A will coincide with the point D. Either way 
leads us to the result that the line A G will coincide exactly 
with the line D F. 

t You must not say, '* Let the line G B lie along the line 
FE ;" for that would imply that you could let or make it 
fall in some other direction if you chose. When the position 
of one of the lines that contain an ^ is fixed, it is the 
size of the ^ that determines in what direction the other side 
wiU fall. See p. 12. 

X Beginners often make the mistake of saying that the 
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It was shown before that the point A coincides with 
£he point D. As the point B also coincides with the 
point E, it follows that the straight line A B lies along 
the straight line DE; otherwise these two straight 
lines would enclose a space, which is impossible. 
(Ax. XI.) 

Thus it has been shown that the A A B may be 
placed upon the A B E F in such a manner that it will 
coincide with it in every part. In other words, it has 
been shown that the side A B is equal to the side D E ; 
that the Z OAB is equal to the /_ FDE; that the 
Z. OBA is equal to the ^ FED; and that the As 
are equal in area. 

Instead of first placing the line A C on the line D F, and 
then showing that because the /j& AGE and DFE are 
equal, the line G B will lie along the line F E, it would have 
done just as well if we had placed the line G B on the line 
F E, and then shown that the Hue G A will lie along the 
line F D. But it is necessary- to begin by making two of 
those sides coincide, which we know at starting to be equal. 
It would be of no use to begin by placing the point A upon 
the point D, and letting the Hne A B He along the line D E; 
because, if we did so, we should be unable to show that the 
line A G would lie along the line D F ; for, we have no 
right to assert that the ^ B A G is equal to the ^ E D F, 
until we have proved that it is so. 

When the proposition has been mastered with the figure 
given above, let it be supposed that, instead of knowing, to 
start with, that the sides A G and G B are equal respectively 
toDFandFE,andthe^ AGBtothe^ DFE, we know 

point B will coincide with the point E, because the Z. 
AGB is equal to the ^ DFE. The size of the /_ which 
one line makes with another can only determine the direction 
in which the lines lie with respect to each other. We must 
know the length of the lines as well, in order to be able to 
say where the endi of them will f alL 
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that the sides G B and B A are equal respectively to the 
sides FE and ED, and the /. CB A to the ^ FED. By 
changing the position of the letters to the following, 




the proof may he gone through word for word as before. 

Then (in the original figure) let it be supposed that we 
know that the sides G A and A B are equal respectiyely to 
FD and DE, and the /_ GAB to the ^ FDE. By 
altering the position of the letters to the following, the 
proof remains word for word the same : — 

B E 





Then let As of a different shape be employed, and dif- 
ferent letters placed at the comers. 



PBOPOSITION V. 

The angles at the base of an isosceles tri- 
angle are equal; and if the equal sides be 
produced, the angles at the other side of the 
base are likewise equal. 

An isosceles A is a A which has two sides equal. 
In this proposition, therefore, we are supposed 
to know, to start with, that two sides are equal, 
and this is all that we know about the A to beg^ 
with. What we have to prove is, that, if that be 
the case, then the /% opposite the equal sides 
are equal to one another, and that if the equal 
sides be produced, the ^s at the other side of 
the base are equal to each other. 
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For the oonstruotion used in proving this pro- 
position we must be able, — 

1. To join two given points hj a straight line. 
(Post. I.) 

2. To cut off from the longer of two given straight 
Unes a piece equal to the shorter. (Prop. IIL) 

For the proof of the proposition we must know,^ 

1. That if equals be taken from equals, the re- 
mainders are equal. (Ax. III.) 

2. That if two As have two sides of the one equal 
to two sides of the other, each to each, and 
have likewise the ^s contained hj these two 
pairs of sides equal, then the ^s will also be 
equal in every other respect. (Prop. IV.) 

Suppose A B to be a A, having the sides A B and 
B equal to each other. We have to prove that the 

^s BAG and B G A are equal to 
each other, and Likewise that the ^s 
F A and L A are equal to each 
other. 

To prove this proposition, the fol- 
lowing construction is made : — 

In B A produced take any point, 
(as F), and from B E cut off a part, 
B L, equal to B F (Prop. III.) Join 
F and U by the right line F 0, and 
A and L by the right line A L. (Post. I.) 

The proof of the first part of the proposition (namely 
that the ^ B A is equal to the ^ B A) consists of 
three main steps. First, it is shown that the ^ BAL 
is equal to the angle B C F. Secondly, it is shown that 
the Z C AL is equal to the ^ A C F. Thirdly, it is 
inferred that if the equal ^s C A L and A C F be taken 
from the equal ^s BAL and BCF, the remainders, 
namely the j/a B A C and B G A, will be equal. 




Mymyt 
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1. To proye that the ^ B A L is equal to the 
^BOF. 

There are two As, B A L and b 

BCE (shaded respectively by parallel J^ 

lines), which overlap each other 
(where the lines of shading cross). 

To prove that the angles B A L and 
B G F are equal to each other, it is 
necessary to show that the triangles 
B A L and B G F are equal to each 
other in every respect. 

Now we know that the side A B of the first is equal to 
the side B G of the second ; and the side B L of the first 
^as made equal to the side B F of the second. More- 
over, the ^ included between the sides A B and B L 
of the first, is the same as the ^ included between the 
sides G B and B F of the second. So that, in these 
two ASi two sides and the Z. between them in the 
one, are equal respectively to two sides and the ^ 
between them in the other. Therefore (according to 
the fourth proposition) the two As are also equal in 
all other respects. Therefore, the ^ B A L is equal 
to the^BGF;* the ^BLAis is equal to the ^ 
B F G ; and the side A L is equal to the side F G. 

2. To prove that the Z C A L is 
equal to the ^ A G F :-t- 

These ^s are parts of the triangles 
GAL and AGF, which overlap one 
another. To prove that the angles 
GAL and AGF are equal, it is 
necessary to prove that the triangles 
GAL and AGF are equal in every 
respect. 

Because B F is equal to B L, and B A is equal to 

* We liave thus reached the first main step of the proof. 
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B C, the remainders A F and L are equal (Ax. 3). 
Moreover, the line A L was proved equal to the line 
C F, and the ^ G L A (which is the same as B L A) 
to the ^ A F C (which is the same as B F 0), when 
the As B A L and B F were shown to be equal in 
every respect. So that in the two As L A and 
AFC, the two sides C L and L A of the one are 
equal respectively to the two sides A F and F C of 
the other, and the included ^ L A of the one, is 
equal to the included ^ A F C of the other. There- 
fore (according to the fourth proposition) these two 
As are also equal in all other respects. Among 
these is that the /_ A L is equal to the ^ A F. 

3. If from the equal ^s B A L and B C F, the 
equal ^s A L and A G F be taken away, the re- 
mainders, namely the ^s B A G and B G A, will be 
equal to each other (Ax. 3). But these are the ^s 
opposite the equal sides of the isosceles A A B G. 
Therefore the first part of the proposition has been 
proved. 

The second part has also been proved. For the 
^s at the other side of the base, namely FAG and 
L G A, are parts of the As A F G and G L A, which 
have been proved to be equal in every respect.* 

C&r, All the ^s of an equilateral A are equal. 



The proof of the next propoBition is of the kind called 
indirect. An indirect proof is of the following natnre : — 
If we know that out of any number of assertions, some 
one must be true ; and if we know, or can prove, that all 



* When this proposition has been mastered as given 
above, it should next be proved without the aid of the 
accessory figures ; then with different letters in the diagram ; 
and then with figures of different shape, and drawn in 
different positions. 
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but one are false, we are then able to affirm that the re- 
maining one must be the true one. If, for example, it 
could be demonstrated that one or other of three men — ^A, 
B, and G— committed a certain crime, and we knew or 
could prove, that neither A nor B committed it, it would 
follow that G must have committed it. Of the propositions, 
A is equal to B, A is less than B, A is greater than B (A 
and B being two magnitudes that admit of comparison)^ it 
is clear that one or other mast be true. If we can show 
that A is not equal to B, and also that A is not less than B, 
it follows that A is greater than B. 

In order to prove that a proposition or assertion is false, 
we may either prove that something which contradicts it is 
true, or we may show that some falsity or absurdity would 
be a necessary consequence of it. Now it is assumed as an 
axiom, that ** nothing which is absurd or false can be a neces' 
$ary consequence of anything that is true." If a false asser- 
tion be a necessary consequence of some other assertion, 
that other assertion must itself be false. When an asser- 
tion or proposition is demonstrated to be false, by showing 
that if we admitted it we should be compelled also to admit 
something false or absurd, the proof is called redtictio ad 
absurdum (Beduction to an absurdity). Proofs of this kind 
are very common in mathematics. Some people have a 
fancy that they are not so cogent or conclusive as direct 
proofs ; but this is altogether a mistake. 



PJBOPOSITIOir VL 

If two angles of a triangle are equal, the 
sides which are opposite the equal angles 
are also equal. 

This proposition is the converse of the fifth. In 
the fifth we started by supposing that we knew 
two sides of a ^ to be equal, and proceeded to 
prove that the ^s opposite those equal sides are 
also equal. In the sixth we are not supposed 
to know anything about the sides of the A> to 
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atart with, bat to know something about two 
angles of the A — ^namely, their equality. The 
equality of the sides has to be demonstrated. 

The proof of this proposition is of the indirect 
kind. Instead of its being shown at once that 
the two sides are equal, it is shown that they 
cannot be unequal. 

To prove this proposition we require to be able,- 

1. To draw a straight .line from one given point 
to another. (Post. I.) 

2. To cut off from the greater of two given lines 
a part equal to the less. (Prop. III.) 

And we require to know, — 

1. That a part of any whole is less than that 
whole. 

2. That if, in two /^s, two sides of the one are 
equal to two sides of the other, each to each, 
and the included Z. o^ ^^ first A also eqnal to 
the included ^ of the second A, then those two 
As are equal in every respect. 



Let A B G be It A» with respect to which it is 

known that the ^ GAB is equal 
to the ^ B A. We have to 
prove that the side A G is equal 
to the side G B. 



C 




This is proved by showing that 
A G and G B are not unequal. 

That A G and G B are not unequal 
is proved by showing that it leads 
to an absurdity to suppose that they are unequal. 

Suppose the side A (; wore not equal to the side G B ; 
and suppose, first, that A G were greater than G B, 

We should then be able to cut off from A G a part, 
A B, of the same length as G B. 

Suppose that this were done, and that the points 
I) and B were joined by the straight line D B, 
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We should then have two As, DAB and B A, 
in which the side D A would be equal to the side C B, 
and the side A B common to the two As, and the 
^ D A B equal to the ^ G B A (we were supposed 
to know this last point to begin with), so that the two 
As, DAB and B A, would have two sides of the 
one (namely, D A and A B), equal to two sides of the 
other (namely, B and B A), each to each, and the 
included ^ (DAB) of the first A equal to the in- 
cluded /_ (0 B A) of the second. Therefore, according 
to the fourth proposition, these two As would be equal 
to each other in eyery respect, and among others, in 

But the A D A B is only a part of the A B A. 

Therefore, if we were to suppose that, while the 
^ C A B is equal to the ^ B A, the side A C 
could be longer than B, we should be compelled to 
admit that a part could be equal to the whole of which 
it is a part. 

Now, a supposition which leads to an absurdity 
must be itself absurd. 

Therefore it is absurd to suppose that A C could be 
longer than B, while the ^s A B and G B A are 
equal. 

Next, suppose that the side B G were longer than AG, 

We should then be able to cut off 
from B G a part, B E, equal to A G. 

Supipose that this were done, and 
that the points A and E were joined 
by the right line A E, 

We should then haye two As 
G AB and E B A, in which the sides 
G A and A B of the one would be 
equal to the sides E B and B A of the other, each to 
each, and the included Z A B of the first, equal 
to the included ^ E B A of the other. 




32 THE FIB8T BOOK OF EUCLID 

Therefore, according to the fourth proposition, these 
^8 would be equal in every respect, and, among others, 
in area. 

But the A A B is only a part of the A E B A. 

Thus it appears that if we were to suppose that the 
side B G is longer than the side A C, while the ^ 
C A B is equal to the ^ B A, we should be com- 
pelled to admit that a part is equal to the whole of 
which it is a part. 

But a supposition which leads to an absurdity must 
be itself absurd. 

Hence it is absurd to suppose that B C is longer than 
A 0, while the ^ B A is equal to the ^ A B. 

It has thus been proved that A cannot be greater 
than B 0, and also that B cannot be greater than 
A C — t. 6., that A C and B are not unequal. 

But A G and B G must be either equal or unequal ; 
therefore, as they axe not unequal, they must be equal. 

(Let this proposition be gone through next with the 
figure in a different position, and then with the aid of 
different letters to mark the sides, &c.) 

Cor. It follows from this that all the sides of an 
equi-angular A are equal. 



PBOPOsiTiON vn. 

Upon the same base, and on the same side 
of it, there cannot be two triangles haying 
their sides which are terminated in the one 
extremity of the base equal to one another, 
and likewise those that are terminated in 
the other extremity of the base equal to one 
another. 

That is, supposing that there were two As such as 
A G B and A D B, on the same base A B, and on the 




EXPLAINED TO BEGINNERS. 33 

same side of it, then if the two sides A and A D, 
terminating at A, were equal to each other, the sides 
B and B D, terminating at the ^ ^ 

other extremity of the base, could 
not abo be equal to each other; 
or if BC and BD were equal, 
then A G and A D could not also 
be equal to each other. It is not 
meant that neither pair of conter- 
minous sides can be equal, but that hoth pairs cannot 
be equal at the same time.* 

This proposition is proved by showing that if we 
were to suppose it possible that there could be two 
such As as are described in the enunciation, we should 
be compelled to admit something to be true which is 
obyiously impossible. 

For the proof of the proposition we require, — 

1. To be able to draw a straight line from one 
given point to another. (Post. I.) 

2. To produce a given finite right line to any 
length. (Post. II.) 

We must also know, — 

1. That if a magnitude be less than one of 
two equal magnitudes, it is also less than the 
other. 

2. That if a magnitude be less than the smaller of 
two unequal magnitudes, it is also less than the 
larger. 

3. That if two sides of a A are equal, tbe ^s 

* The beginner must not suppose that an elaborate proof 
of this proposition is unnecessary, because the inequaUty of 
one or other pair of sides is obvious to the eye. Geo- 
metrical truths are never to be settled by this test. And, in 
fact, if a scale sufficiently large were adopted, it would be 
possible to draw two As placed like those in the diagram, 
such that the inequality of the sides could scarcely be 
detected by the most accurate measurement. 

D 
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opposite to them are also equal, and if the equal 
sides be produced, the ^s on the other side of the 
base are likewise equal (Prop. V.). 

^ Let us suppose that there could 

be two As A B and A D B, on the 
same base A B, and on the same side 
of it, and such that A G and A D are 
equal to one another, and also B G 
and B D equal to one another.* 
First let the As be such that the vertex of each falls 
outside the other. 
Join the points G and D by the right line G D. 
In the A A G D, if A G and A D be equal to one 
another, the ^ A D is equal to the ^ A D G 
(Prop. V.) 

If the sides B G and B D could also be equal to one 
another, then also in the A B G D the ^ B G D 
would be equal to the ^ B D G. 

But the ^ B G D is less than the ^1 A G D (being 
a part of it). 

Therefore the ^ B G D must also be less than the 
^ A D G, which is equal to the ^ A G D. 

But the Z A D G is less than the Z B D G (being 
a part of it). 

Therefore the ^ B G D, which is less than the ^ 
A D G, must also be less than the ^ B D G. 

But it was shown before, that if the sides B G and 
B D be equal, the ^s B G D and B D G are equal to 
each other. 

Thus the supposition that, in the As A B G and 
A B D, the sides, A G and A D, could be equal to 

* The beginner must beware of supposing that the 
object of the proposition is to prove that the sides AO and AD 
are not equal to the sides B G and B D ; a mistake which the 
writer has found made more frequently than might be 
supposed. 
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each other, and that the two sides B and B D oould 
also be equal to each other, renders it necessary that 
we should admit that two ^s (namely BOD and 
B D C) are both equal and unequal at the same time, 
— which is an impossibility. 

Now the supposition which leads us of necessity to 
this absurdity, must itself be absurd. That is, it is 
absurd to suppose that the two pairs of sides, A and 
A D, and B and B D, can be equal at the same time. 
(If one pair be equal, the other pair must be unequal.) 

Next let us suppose it possible that there should be 
two Ai^ on the same base and on the same side of it, 
haying the sides that terminate at one extremity of 
the base equal, and likewise those that terminate at 
the other extremity of the base equal, so placed that 
the vertex of one of the Ab (A B 0) falls within the 
other A (A B D). 

Join the points D and by the 
right line D 0. 

Produce the line A D to any 
point E, and the line A to any 
point E. 

If it were possible that the sides 
A D and A G should be equal to one 
another, and also the sides B and 
B D equal to one another, then the 
ABAC would be an isosceles A, 
and therefore the ^s E D and FOB, formed by 
producing the equal sides A B and A 0, would be 
equal to one another; and, in the A B B, the ^s 
BOB and B B would be equal to one another. 

But the ^ B B is less than the ^ E B (being 
a part of it) : therefore the /. B B is also less than 
the ^ F B, which is equal to E B 0. Much more 
then is the ^ B B less than the ^ B B, which is 
greater than the ^ F B. 
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But it was before shown that, if we suppose the sides 
B C and B D to be equal to each other, as well as A D 
and A C, then the ^ B D must be equal to the Z. 
BOD. 

But it is impossible that the same ^s (B D C and 
BOB) should be both equal and unequal. 

Consequently, the supposition which led to this im- 
possibility must be absurd. That is, it is absurd to 
suppose that, on the same base, and on the same side 
of it, there can be two As, having the sides terminat- 
ing in one extremity of the base equal to one another, 
and likewise those terminating in the other extremity 
of the base equal to one another. 



PBOPOsiTioN vni. 

If two triangles have the three sides of the 
one equal to the three sides of the other, 
each to each, then the triangles will also be 
equal to each other in every other respect, 
tiiat is, the angles of the triangles will be 
equal, each to each, and the triangles will 
be equal to each other in area. 

For proving this proposition we must know, — 

1. That two straight hnes may be so placed one 
upon the other as to coincide in direction, and 
cannot direrge from one another if they coincide 
for any portion of their length. (Ax. B.) 

2. That upon the same base, and upon the same 
side of it, there cannot be two As having both 
pairs of conterminous sides equal. (Prop. VII.) 

Let A B and D E F be 
two As, having the side A B 
equal to the side D E, the 
side A to the side D F, and 
the side B to the side F E. 
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The proof of the proportion consiBts in showing that 
the two As may be placed one on the other, so as to coin- 
cide in every part. 

Place the point D on the point B, and let the line 
D E lie along the line A B. 

Then, because the line D E is equal to the line A B, 
the point E will fall upon the point B.* 

Let the /^s lie on the same side of the base A B. 

Then the line D F must lie along the line A C, and 
the line E F along B G, the point F coinciding with 
the point C. For if they did not, but lay in any other 
position, as, for example, in the ^ p 

annexed figure, we should have two 
As, A B and A F B, standing on 
the same base, and on the same side 
of it, and haying the conterminous 
sides A C and A F equal, and likewise the conterminous 
sides B G and B F equal. 

This was proved in the last proposition to be impos- 
sible. Gonsequently, the supposition which leads to 
this impossibility must itself be impossible. That 
is, it is impossible, when the side D E has been placed 
so as to coincide with the side A B, that the side D F 
should lie in any other position than along A G, and 
the side E F in any other position than along B G. 

Therefore, as they must lie in some position or other, 
DF must He along A G, and E F ^.long B G. 

Gonsequently, as the sides F D and D E coincide in 
direction with G A and A B, the ^ F D E is equal to 
the ^ G A B. In like manner the ^ F E D is equal 
to the ^ G B A, and the ^ D F E to the ^ A G B, 
and the area of the one A is equal to the area of 
the other. 

* Beware of saying, " Place the point D upon, the point 
A, and let the line D E lie along the line A B and let the 
p tint E fall on the point B." (See p. 9) 
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It is indifferent which pair of sides be made to coin- 
cide to begin with. 

The eighth proposition may be proved without 
haying recourse to the seventh, as follows : — 

We must know, — 

1. That two straight lines may be so placed one on 
the other as to comcide in direction, and cannot 
diverge from one another if they coincide for 
any portion of their leng^. (Ax. B.) 

2. That the' sums or differences of two pairs of 
equal magnitudes are equal. (Ax. II. and III.) 

3. That if two ^b have two sides of the one equal 
to two sides of the other, each to each, and have 
likewise the ^s included between those sides 
equal, the /^s are also equal in all other respects. 
(Prop. 17.) 

4. If two sides of a A ftre equal to each other, the 
^s opposite to them are also equal. (Prop. Y.) 





Let ABC and D E F be the two As having the 
three sides of the one equal to the three sides of the 
other, each to each. 

Let the A B E F be applied to the A A B C so that 
the point D may coincide with the point A, and the 
line D E lie along the line A B. Then because A B 
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is equal to D E, the point £ will coincide with the 
point B. 

Let the As lie on opposite sides of the common line 
AB. 

Join the points and F by the line OF. In the 
A A F, the side A is equal to the side A F ; 
therefore the ^ A F is equal to the ^ A F 0. 

In the A B F, the side B G is equal to the side 
B F ; therefore the ^ B F is equal to the ^ B F C. 

If the equal ^s B G F and B F C be added to the 
equal ^s A G F and A F G (as in Fig. 1), or taken 
from them (as in Fig. 2), the sums or differences 
A G B and A F B wiU be equal. 

(If the line F passes through the point B» it 
follows immediately that the ^s A G B and A F B 
(t. e., D F E) are equal, as in that case these are ^s 
at the base of the isosceles A G A F.) 

Therefore the As A G B and A F B have two sides 
(A G and B), and the included ^ (A G B) of the one 
equal to two sides (A F and F B), and the included ^ 
(A F B) of the other, each to each. 

Therefore these As are also equal to each other in 
all other respects. 

But the A A F B is the same as the A D F E. 

It has, then, been proved that the As A G B and 
D F E are equal to each other in every respect. 

It the eighth proposition be proyed in this manner, 
the study of the difficnlt serenth proposition 
may be postponed till a later period. 



PROPOSITION 

To Jj&Beot a given rectilineal angle — that is» 
to divide it into two equal angles. 

For the oonstmotion employed in this proposition 

we require to be able, — 
1. To join two g^yen points by a straight line. 
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2. From the greaiei of two given lines to cut off a 
part equal to the less. (Prop. III.) 

3. On a given right line to construct an equilateral 
A. (Prop. I.) 

To demonstrate that the construction effects what 
is required, we must know — 

That if two Ab have the three sides of the one 
equal to the three sides of the other, each to 
each, their ^s also are equaL (Prop. YIII.) 

Suppose A B to be the given 

In the line B A take any point — 
asD. 

Prom the line B cut off a part, 
B E, equal to B D. (Prop, m.) 

Join the points D and E by the 
right line D E. 
On the line D E, and on the side remote from B, 
construct an equilateral A, D E F. (Prop. I.) 

Join the points B and E by the right line B F. Then 
the right line B F divides the given ^ into two equal 
parts. 
This is shown as follows : — 

DBF and E B F aie two As, in which the sides D B 
and B E are equal (having been made so in the con- 
struction) ; the sides D F and F E are equal (D E F 
being an equilateral A); ond the side B F is cojnmon 
to the two As : so that the three sides of the one A a<re 
equal to the three sides of the other, each to each. 

It was proved in the eighth proposition, that in two 
such As the ^s are equal, each to each. 

Therefore, in the As D B F and E B F, the ^s D B F 
and E B F are equal. 

But the ^s D B F and E B F are the parts into 
which the ^ D B E is divided by the line B F. 
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It lias been proved, therefore, tliat the line B F 



bisects* the ^ D B E. 

Let the proposition next be gone . 
throngh with an ^ of a different 
size and in a different position, as 
in the annexed figure. 



P 




FBOFOSITION X. 

To bisect a given finite straight line, that is, 
to divide it into two equal parts. 

For the construction in this proposition we must 
be able, — 

1. On a given finite right line to construct an equi- 
lateral A' (Prop. I.) 

2. To bisect a given rectilineal ^. 

To prove that the construction accomplishes what 
is required we must know that — 

If two /^8 have two sides of the one equal to two 
sides of the other, each to each, and have also 
the ^s included between these pairs of sides 
equal, then the ^s are also equal in every other 
respect. (Prop. IV.) 

* It is obvious that by successive bisections an angle may 
be divided into 4, 8, 16, or (generally) 2" equal parts. It is 
impossible by ordinary geometry to divide an ^ into three 
equal parts, or into any number of equal parts which is a 
multiple or power of three, with the exception of a > right 
^. By the aid of the 32nd proposition of Book I., as ap- 
plied to an equilateral A» ^^ can obtain the third part of 
two right ^s, and by bisecting that, the third part of one 
right Z.' Certain propositions in the Fourth Book enable 
us to find the fifth, and the fifteenth part of a right ^. 
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Suppose A B to be the given finite right line. 

On A B describe an equilateral* ^ 
ABO. (Prop. I.) 

From tiiie point draw a line bi- 
secting the ^ A B. (Prop. IX.) 

Let this line meet the line A B in 
the point D. 
The line A B is now bisected at the point D. 
For in the As A D and B D the sides A and 
B are equal, being sides of an equilateral A* The 
side D is common to the two As, and the ^ A C D 
is equal to the ^ B D,— the whole ^ A B having 
been divided into two equal parts by the line D. 
Thus two sides and the included /_ of the one A are 
equal respectively to two sides and the included ^ of 
the other A* 

These As, therefore, are equal in every other re- 
spect. (Prop, rv.) 

Among these respects is that the side A D is equal 
to the side B D. 

The line A B, therefore, has been divided into two 
equal parts at the point D. 

Xiet the proposition now be gone through with the 
equilateral A constructed on the other side of 
AB. 

Euclid seems to have supposed that it is a simpler process 
to bisect an ^, than to bisect a straight line, and that the 
latter process is dependent on the former. In this he is 
wron^. If we go through the process which is assumed to 
be gone through in bisecting the ^ A G B in the aboTe 
figure, we shall find that we bisect the line A B, without 
taJdng any aoootuit of the ^ A B. Thus : — 

* It is enough for the purpose to describe an isosceles A 
on A B, with sides of any length. But the construction of an 
equilateral A is simpler than that of any other isosceles A* 
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On A B describe the equilateral A A G B. 

On A B also describe the equilateral A A E B, on the 
side remote from G. 

Join the points G and E by the line G E, 
intersecting A B in the point D. 

A B is bisected at the point D. 

For if we suppose the ^ G B E to be 
applied to the /^ G A E in such a manner 
that, G E remaining common to the two AS) 
CB and BE may lie on the same side of 
£ G as G A and A E, it will follow (from 
the serenth proposition) that the point B will coincide 
with the point A. Therefore the line B D will coincide 
in direction and length with A D, and must, therefore, 
be equal to it. In other words, A B has been diyided at 
D into two equal parts. 




FB0F08ITI0N XI. 

To draw a straight line at right angles * to 
a given straight line from a given point in 
the same. 

To make the construction we must be able, — 

1. To join two given points by a straight line. 
(Post. I.) 

2. From the greater of two given straight lines to 
cut off a part equal to the less. (Prop. III.) 

3. On a given straight line to construct an equi- 
lateral 2^. (Prop. I.) 

To prove that the construction is correct we must 
know that — 

If two ^s have the three sides of the one equal to 
the three sides of the other, each to each, then 
the ^8 of the As are equal. (Prop. VIII.) 

Let AB be the giyen right line, and C the given 

* That is, so that the adjacent ^s which it makes with 
the given line may be equal to each other. (Def . XI.) 
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point in it. (The line A B may be of any length, and 

may be produced either way if neces- 
sary.) 
In the line C A take any point — as 
ADC B "S ^' From the line C B cut off a part 

B, equal to D. (Prop. IH.) 
On the line D E construct an equilateral A. D F E.* 
Join the points P and by the right line P 0, which 
will be the line required. 

Proof. In the Z^s D F C and E P the sides D P 
and P E are equal, being sides of an equilateral A* 
The sides D C and E C are equal, E having been cut 
off of the same length as D. The side P is com- 
mon to both. Thus the three sides of the one A are 
equal to the three sides of the other, each to each. 
Consequently the ^s of the two As are equal. 

(Prop, vin.) 

Among these, the ^s P D and P C E are equal. 

Therefore P C stands upon the line A B in such a 
manner as to make the adjacent ^s equal. In other 
words^ it is perpendicular to A B. (See Def. XI.) 

Let the proposition next be gone through with the 
fig^e in the following position : — 

AD C B B 




There is usually appended to this proposition a 
corollary, to the effect that by the aid of it it 
may be proved that two straight lines cannot 
have a common segment, that is, cannot coincide 
for a certain distance and then diverge from one 
another. This ought to be set down as an 

* See the note on the last proposition. 
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axiom. It is assumed and made use of long 
before we come to the eleventh proposition. In 
the fourth proposition, for 'example, where cer- 
tain lines are placed on one another, i.e., so as 
to coincide in direction, it is necessary that we 
should assume that, if they coincide for any 
portion of their length, they cannot afterwards 
diverge. It is assumed again in the eighth. 
Moreover, the proof attempted in the corollary is 
insufficient. It assumes that all right ^s are 
equal ; a proposition for the proof of which the 
truth of this very axiom is assumed (see p. 12), 
and which could not itself be laid down as an 
axiom (as is often done) without the very same 
assumption. If it were regarded as yet un- 
proved that two right lines cannot have a com- 
mon segment, there would be no ground for 
assuming that the two equal ^s formed when 
one line is perpendicular to another must always 
be of the same size. 



♦ ;PBOPOSITION XU. 

To draw a right line perpendicular, or at 
right angles to a given right line of indefinite 
length, from a given point without it.* 

For the construction in this proposition we must 
be able, — 

1. To join two given points by a straight line. 
(Post. I.) 

2. To describe a circle with a given centre, and at 
a given distance from that centre. (Post. III.) 

* That is, so that the adjacent ^s which it forms with 
the g^ven line may be equal to each other. (Def . XL) 
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3. To biaeot a given rectilineal ^. (Prop. IX.) 
To prove that the constrootion acoomplisheB what 
is required, we most know that, — 

1. Any two radii of the same cirole are equal. 
(Def. XrV.) 

2. If two Ab have two sides of the one equal to 
two sides of the other, each to eaoh, and have 
the /_% between the said pair of sides in the one 
A equal to the /_ between the said pair of sides 
in the second A» then those As will also be 
equal in every other respect. (Fn>p. IV.) 

Let A B be the given line. 
Let E be the given point 
without it. 

Take a point G on the 
"b other side of the line A B. 
Join F and by the right 
lineFO. 
With F as centre, and at the distance F G, describe 
a circle, cutting the line A B in the points D and £. 

Join F and D, and F and E, by the right lines F D 
andFE. 

From the point F draw the right line F L, bisecting 
the ^ D F E, and meeting the line D E in the point 
L. (Prop. IX.) 
L is the line required. 

Froof. In the As D F L and E F L the sides D F 
and F E are equal, because they are radii of the same 
circle ; the line F L is common to the two As ; and the 
^ D F L is equal to the ^ E F L, because they are 
the two equal /j& into which the Z. D F E is divided 
by the line F L. That is to say, the two As liave two 
sides of the one equal to two sides of the other, each to 
each, and the /_ between the said pair of sides in the 
first A equal to the Z. between the said pair of sides 
in the second A* 
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Consequently, as was proyed in the fourth propo- 
sition, these two As are also equal in every other 
respect. 

Among these respects is that the ^ F L D is e:iual 
to the ^ F L E. 

The ^s F L D and F L E are adjacent ^s. 

It has thus been shown that the line F L, meeting 
the line A B, makes the adjacent ^s equal to one 
another. In other words, it is perpendicular to the 
line A B. (Def. XI.) 



FB0F08ITI0N XHL 

The angles which one right line, meeting 
another, forms with it on the same side, are 
either two right angles, or together equal to 
two right angles. 

To prove this proposition we must be able to draw 
a perpendicular to a given straight line from a 
given point in the same. (Prop. XI.) 

We must also know, — 

1. That magnitudes which are equal to the same 
are equal to each other. 

2. That if the same quantity be added to each of 
two equal quantities, the sums will be equal. 

(Ax. n.) 

Suppose the straight line D to meet the straight 
line A B. 

The ^s which D C makes with A B ^ 

must be either equal or unequal. 

If they are equal, they are called 
right ^8. 

But suppose they are unequal, then 

it is easily shown that their sum is 
the same as that of two right ^s. 



B 
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For, from the point C draw a straight line C E 
perpendicular to A B — ^that is, making the adjacent 

^s EGA and E G B equal to one 
another. 

It is evident that the ^ E G B is 
the sum of the two ^s E G D and 

A c B I^OB. 

Therefore, the sum of the two ^s 
AGE and E G B is the same as that of the three 
/:s A G E, E G D, and D G B. 

Again the ^ A G D is the sum of the ^s A G E and 
EGB. 

Therefore, the sum of the two ^s A G D and D G B 
is the same as the sum of the three ^s A G E, E G D, 
and D G B. 

The two right ^s A E and EGB were before 
shown to be equal to the sum of the same three ^s. 

Therefore, the sum of the ^s A G D and D G B is 
the same as that of the right ^s A G E and E G B ; 
and as all right ^s are equal (see p. 13), the sum of the 
Zs A G D and D G B is the same as that of any two 
right ^s. 



PROPOSITION XIV. 

If two straight lines meet a third at the 
same point, but on opposite sides of the line, 
and make the adjacent angles together equal 
to two right angles, then those two straight 
lines are in one and the same straight line. 

In other words, we have to prove that if either of 
tho straight lines be produced, the produced part will 
coincide in direction with the other of the two. 

Pop the proof of this propoBition, we must know 
thatj — 
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1. If one straight line meets another, the adjacent 
/j^ which it forms with it are together eqnal to 
two right ^8. (Prop. XIII.) 

2. Quantities 'that are equal to the same are eqnal 
to each other. (Ax. I.) 

3. If the same quantity be taken away from each 
of two equal quantities the remainders are equal. 
(Ax. III.) 

The proof of this proposition is of the indirect kind, and 
consists in showing that it leads to an absurdity to suppose 
that, if one of the two straight lines be produced, the 
produced part does not coincide in direction with the other 
line. 

Let D G and E C be two straight lines, meeting the 
line A B at the point G, but on 
opposite sides of the line A B, and 
making the /_% D G A and AGE 
together equal to two right ^s. l> 

We have to show that if one of 
the lines (as D G) be produced, 
the produced part coincides in direction with G E. 

This is shown as follows : — 

Suppose it possible that the lino D G produced did not 
coincide in direction with G E, but lay in some other 
direction, as G F. 

We should then have the line A G meeting the 
straight line D E at the point G. 

The adjacent ^s D G A and A G E, so formed, would 
together be equal to two right ^s, as was proved in 
the last proposition. 

Now we know, to start with, that the ^s A G D 
and AGE are together equal to two right ^s. 

We should be compelled to admit, therefore, that the 
^s D G A and AGE taken together are equal to the 
^s D G A and AGE taken together. 

If this were so, it would foUow that, on taking the 

D 
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^ D C A away from both these equal sums, the 
remainders, AGE and AGE are equal. 

But this is impossible, for the ^ A G E is only a 
part of the ^ A C E. 

This absurdity is a necessary inference from the sup- 
position that the line D G, when produced, does not 
coincide in direction with G E. 

But a supposition which leads of necessity to an im- 
possibility is itself absurd. 

Gonsequently, it is impossible that the line D G 
when produced should not coincide in direction with 
G E. Therefore, as D G produced must lie in some 
direction or other, it must coincide with G E. 



PBOPOSITION XV. 

If two straight lines cut one another, the 
vertically opposite angles will be equal to 
one another. 

To prove this proposition we must know, — 

1. That if one straight line meets another, the 
adjacent ^s which it forms with it are together 
equal to two right ^s. 

2. If the same quantity be taken from two equal 
quantities, the remainders are equaL (Ax. III.) 

Let A B and G D be two straight lines intersecting in 

the point E. We have to prove 
that the ^ A E D is equal to the 
Z G E B, and the ^ A E G to the 
Z DEB. 
Proof. A E is a straight line 
meeting the line G D in the point E, and forming 
adjacent ^s A E G and A E D. 
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Consequently, these two ^s are together equal to 
two right ^s. 

Again, C E is a straight line, meeting the straight 
line A B in the point E, and forming adjacent ^ s A E 
and E B. 

Consequently, the ^s A E and E B are together 
equal to two right ^s. (Prop. XIII.) 

But quantities that are equal to the same are equal 
to each other. 

Therefore, the sum of the ^s A E C and A E D is 
equal to the sum of the ^s A E and C E B, each 
sum being equal to the sum of two right ^s. 

Take away the ^ A E C from each of these equal 
sums, and the remainders will be equal, t.e., the ^ 
A E D is equal to the ^ C E B. 

Again, since the straight line D E meets the line 
A B, the adjacent ^s A E D and DEB are together 
equal to two right ^s, and it was before shown that 
the ^s AE D and A E are together equal to two 
right ^s. 

Consequently, the sum of the ^ s A E D and DEB 
is equal to the sum of the ^s A E D and A E C. 

Take away the ^ A E D from each of these equal 
sums, and the remainders will be equal, t.e., the Z. 
AE C is equal to the ^ D E B. 



PEOPOBITION XVI. 

If one side of a triangle be produced, the 
exterior angle is greater than either of the 
interior opposite* angles. 

For the construction employed in this proposition 
we mnst be able, — 

* That is, not adjacent to the exterior angle. 
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1. To join two given points by a right line. 
(Post. I.) 

2. To produce a given finite right line to any 
length. (Post. II.) 

3. From the greater of two given lines to cut off 
a part equal to the smaller. (Prop. III.) 

4. To bisect a given finite straight line. (Prop. X) 
For the demonstration of the truth of the propo- 
sition by the aid of the construction we must 
know, — 

1. That if two straight lines cut one another, the 
vertically opposite ^s are equal. (Prop. XV.) 

2. That if two As have two sides of the one equal 
to two sides of the other, each to each, and also 
the ^ included by the said pair of sides in the 
first A equal to the ^ included by the corre- 
sponding pair of sides in the second A» then the 
As will also be equal in every other respect. 
(Prop. IV.) 

Let ABC be a A* of which one side, A B, has 

been produced. We have to 
show that each of the ^s BC A 
and BAG (which are not adjacent 
to the ^ C B D), is less than the 
exterior ^ B D. 

We must first take the / A C B, 
which is opposite to the side AB 
which has been produ 

In order to compare it with the ^ B D, make the 
following construction : — 
Bisect the line B in the point E. 
Join the points A and E by the right line AE. 
(Post. I.) 
Produce the line AE to any length. (Post. 11.) 
From the produced part of A E cut off a part, E F, 
equal to A E. (Prop. III.) 
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Join the points P and B by the right line F B. 

We thus get two As BEF and CEA, in which 
the sides BE and OE are equal (being the equal parts 
into which the line B G has been divided) ; A E and 
E F are equal (E F haying been cut off of the same 
length as A E), and the 2:^ B E F is equal to the Z. 
CEA, because they are vertically opposite ^s, formed 
by the intersection of the lines B and A F. So that 
the two As B E F and E A have two sides and the 
included Z. o^ ^6 one equal respectively to two sides 
and the included /_ of the other. 

These two As, therefore, are also equal to each other 
in every other respect. (Prop. IV.) 

Among these respects is that the ^ E A is equal 
to the ^ EBF. 

But the ^ E B F is less than the ^ OB D. There- 
fore, the ^ E A, which is equal to the /_ E B F, is 
also less than the ^ C B D. 

It has thus been shown that the exterior ^ B D 
is greater than that one of the interior Z% which is 
opposite to the side produced. 

It still remains to be shown that the ^ A B is also 
less than the ^ G B D. 

The ^ C A B cannot be compared directly with the ^ 
C B D ; but, by producing the line C B to any point G, we 
get an ^ A B G- equal to the ^ C B D (being vertically 
opposite to it), with which the ^ G A B may be compared 
in the same way as that in which the ^ A B was com- 
pared with the ^ G B D. 

For this purpose bisect the line AB in the point 
L. Join the points G and L by the right line G L. 
Produce the line G L to any length. From the pro- 
duced part cut off a part, L H, equal to the line G L. 
Join the points H and B by the right line H B. 

We thus get two As, A L G and B L H, in which 
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the side AL is equal to the side BL (AB being 
bisected in the point L] ; the side C L is equal to the 
side L H (L H haying been cut off of the same length 
^ as CL); and the ^s ALO 

and BLH are equai, being 
vertically opposite. That is to 
say, two sides and the ^ be- 
tween them in the A A L C are 
equal respectively to two sides 
and the Z_ between them in the 
A BLH. 
It follows, therefore (Prop. 
lY.), that the As A L G and BLH are also equal in 
every other respect. 

Among these respects is that the ^ G A L is equal 
to the ^ LBH. 

But the ^ LBH is less than the Z. ABO(being 
a part of it). 
Therefore the Z. GAL is also less than the ^ ABG. 
But the ^ A B G- is equal to the vertically opposite 
^GBD. 

Therefore the ^ G A L, being less than the ^ A B G, 
is also less than the ^ G B D. 

It has thus been shown that the ^s AGB and 
CAB are each less than the exterior ^ G B D, formed 
by producing the side A B. 

Let this proposition now be demonstrated with the follow- 
ing variations of the figure : — 

^ ;i. Produce the side BA to any 

point M, and prove that the ^ A C B 
is less than the ^ CAM. The 
following directions will suffice : — 

1. Bisect the line A G in the point P. 

2. Join B and P by a straight lin«. 

3. Produce the line B P and cat off a 
part, P Q, equal to PB. 4. Join the points Q and A by 
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a right line. Then show that the ^ G P B is eqaal in all 
respects to the A F Q A. And so, that the ^ A G B is 
less than the ^ G A M. 

Then producing G A to N, show that the ^G B A is lesa 
than the ^ B A N, and therefore less than the ^ G A M. 

2. Produce the side B G to any point X, 
anfl show that the ^s GAB and G B A are 
each of them less than the ^ A G X. 

The rule for proceeding is always the 
following : — ^When a side of the A has been 
produced, the^ that is to be compared with 
the exterior ^ is that /_ of the A which is 
opponte the aide prodtteed. For making the 
necessary construction, bisect that side of 
the A which is one of the sides containing 
the exterior ^. Join the bisecting point 
with the opposite vertex of the A* Produce this line 
through the point of bisection, and cut off a part equal 
to the part within the A* Lastly, connect the point so 
obtained, by a right line, with the vertex of the exterior ^. 




PBOPOSiTioN xvn. 
Any two angles of a triangle are less than 
two right angles. 

For the proof of this proposition we must be able 
to produce a given straight line to any length, 
and we must know, — 

• 1. That if one side of a A he produced, the exterior 
^ is greater than either of the two interior and 
opposite ^s. (Prop. XVI.) 

2. That if one straight line meets another, the 
adjacent /b which it forms with it are to- 
gether equal to two right ^s. (Prop. XIII.) 

3. That if the same quantity be added to each of 
two unequal quantities, the sum of that quantity 
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and the larger of the two unequals is greater 
than the sum of that qaantity and the smaller of 
the unequals. (Ax. IV.) 

Let ABO be a A. 
Take any two of its ^s, say 
CAB and OB A. 

Produce one of the sides of the 
A> so as to form an exterior ^ that 
shall be adjacent to one or other of 
the two ^s A B and B A. As, for example, pro- 
duce the side A B to the point D. 

It follows from the last proposition that the ^ OBD 
is greater than the ^ A B. If the ^ B A be 
added to each of these unequal ^s, the sum of the 
^s B D and B A will be greater than the sum of 
the ^sOABandOBA. 

But the ^s OBD and OB A are adjacent ^s, 
formed by the straight line B meeting the straight 
line A D, and are therefore equal to two right ^s. 

Consequently, the ^ s A B and B A are together 
less than two right ^s. 

The proposition might have been proved equally well 
by either of the following constructions : — 






In each case we should have an exterior ^ greater than 
one or other of the two given ^s of the ^ ; enabling us to 
show that the sum of the two given ^s, being less than that 
of one of them and the exterior ^, is less then two right ^ s. 
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Whichever two ^s of the ^ are selected, it does not 
matter which side of the A is produced, provided it is pro- 
duced in a direction passing through the vertex of one of the 
two ^8 fixed upon. 



PB0P08ITI0N XVIII. 

If one side of a triangle be greater than 
another, the angle opposite the greater side 
is greater than the angle opposite the less.* 

For the construction requisite in this proposition, 
we must he ahle, — 

1. From the greater of two straight lines to cut off 
a part equal to the less. (Prop. III.) 

2. To join two given points hy a straight line. 
(Post. I.) 

To prove the proposition hj the aid of the con- 
struction, we must know that, — 

1. If two sides of a A are equal, the ^s opposite 
to those sides are also equal. (Prop. Y.) 

2. If one side of a A he produced, the exterior Z. 
is greater than either of the two interior opposite 
^s. (Prop. XVI.) 

Let A B be a A in which the c 

side G B is longer than the side G A. 

We have to show that the ^ GAB 
is larger than the ^ G B A. 

From the greater side, GB, cut 
off a part, G D, equal to the less. 

* The enunciation of this proposition, as it stands in the 
common editions of Euclid, is almost sure to mislead the 
beginner. It runs : — " The greater side of every A is 
opposite the greater ^." This ambiguous statement is 
always to be interpreted in the form given above. 




58 THE FIBST BOOK OP EUOUD 

Join the points A and D by the right line A D. 

The A A G D, which is thus formed, is an isosceles 
A. Therefore, the ^ A D is equal to the ^ D A. 
(Prop. V.) 

The ^ D A is the exterior /. formed by the pro- 
duction of the side B D in the A A B D. Therefore, 
the exterior Z. D A is greater than the interior and 
opposite ^ D B A. (Prop. XVI.) 

Now the ^ C A B is greater than the ^ A D. 

It is therefore also greater than the ^ CD A, which 
is equal to the ^ A D. 

Much more then must the ^ GAB be greater than 
the ^ G B A, which was before shown to be less than 
the ^GDA. 

This proposition may also be proved in the following 
manner: — 

Produce G A, the shorter of the 
two sides, and cut off from the 
produced line a part, C E, equal 
to the line B. 
Join the points E and B. 
The A E B, which is thus 
formed, is an isosceles Ay conse- 
quently the ^ EB is equal to the Z CB E. 

Now, the Z CAB is the exterior /_ formed by producing 
the side E A in the A B E A. Consequently, the ^ C A B 
is greater than the interior and opposite ^ A E B, 

It follows, therefore, that the ^ C A B is also greater 
than the /_ CBE, which is equal to the /_ CEB. 

Much more is the ^ C A B greater than the ^ B A, 
which is less than the ^ CB E. 




EXPLAINED TO BEGINirEES. 69 



PBOPOSITION XIX. 

If one angle of a triangle be greater than 
another, the side which is opposite the 
greater angle is greater than the side which 
is opposite to the less.* 

The proof of tliis proposition is of the indirect kind 

For the proof of it we must know, — 

1. That if two sides of a A are equal, the ^s 
opposite the equal sides are also equal. (Prop. 

V.) 

2. That if one side of a A is greater than another, 
the ^ opposite the greater side is greater than 
the ^ opposite the less. (Prop. XVIII.) 

Let A B be a A, with respect to 
which -vre know that the ^ B A 
is greater than the ^ A B. It has 
to be proved that the side A is 
longer than the side C B.f 

Three alternatives only are pos- 
sible, one of which must be true. Either the side 

♦ This proposition is often expressed thus : — " The 
greater ^ of every A is subtended by the greater side, or 
has the greater side opposite to it." The meaning of this 
is precisely the same as what is given above. 

f Let the beginner carefully distinguish between this 
proposition and the last. In the 18th proposition we were 
supposed to know something about the length of two sides 
of a A» but nothing about the ^s, except what we could 
deduce from our knowledge respecting the sides. In the 
19th proposition we are supposed to know something re- 
specting two ^8 of a A» but nothing respecting the sides, 
except what we can deduce from our knowledge respecting 
the ^B. Compare the 5th and 6th propositions. 
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C B is greater than the side G A, or G B is equal to 
G A, or G B is less than G A. 

Now, it is impossible that G B should be equal to 
G A, for, if it were, the ^ G A B would be equal to the 
^ G B A ; whereas, we know that the ^ G B A is 
greater than the ^ G A B. 

It is also impossible that G A should be less than 
G B, for, if it were, the ^ G B A would be less than 
the ^ G A B ; whereas, we know that the ^ G B A 
is greater than the ^ G A B. It follows, therefore, 
that the side G A is greater than the side G B. 



FBOFOSITION XX. 

Any two sides of a triangle are together 
greater than the third side.* 

For the construction employed in this proposition, 
we mnst be able, — 

1. To produce a given line to any length. (Post. 

II.) 

2. From the greater of two given lines to cut off 
a part equal to the less. (Prop. III.) 

3. To join two given points by a straight line. 
(Post. I.) 

For the proof of the proposition we must know, — 

1. That if equal quantities are added to the same 
quantity, the sums are equal 

2. That if two sides of a ^ are equal, the /j& 
opposite those sides are also equal. (Prop. Y.) 

• Let the beginner remember that the object of this 
proposition is not to convince him of the truth stated, but 
to show how it may be connected with and deduced from 
the fundamental axioms and definitions. 
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3. That if one ^ of a ^ be greater than another, 
the side opposite the greater /_ is greater than 
the side opposite the less. (Prop. XIX.) 

Let it be required to prove "^ 

that the sides AO and CB in 
the A A B are together greater 
than the side A B. 

Produce one of the two sides 
whose sum is to be compared with the third, as A C, 
to any length, and from the produced part cut off a 
part, C D, equal to C B. 

Join the points D and B by the right line 
DB. 

In the A D B the sides D and C B are equal. 
It follows, therefore (according to the fifth pro- 
position), that the ^ D B is equal to the Z. 
OBD. 

Now, the Z_ A B D is greater than the ^ B D, 

Therefore the ^ A B D is also greater than the Z_ 
C D B, which is equal to the ^ C B D. 

Consequently, in the A A B D, one Z. > namely AB D, 
is greater than another, namely A D B. 

Therefore (as was proved in the nineteenth pro- 
position), the side A D is greater than the side 
AB. 

Now, AD is made up of the parts A C and D, of 
which D is equal to B. 

Therefore, the sum of A and D (t.e., the line A D) 
is equal to the sum of A and C B. (Ax. II.) 

The line A D was shown to be greater than the line 
AB. 

Therefore, the sum of the Hues A G and G B is also 
greater than the line A B. 

It would have done equally well if the side B G had 
been produced, and a part, C E, cut off equal to the 
side A. We should then have had the ^ B A E 
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greater than the ^ C A E, and, consequently, greater 

than the ^ C E A, which is equal 
to C AE. It would have followed 
that the Bide B E in the A ABE 
is longer than the side B A. Then , 
B G and C E, taken together, 
being equal to B C and C A taken 
together, it would have followed 

that the sum of B G and G A is greater than the line 

BA. 




PBOPOSITIOH" XXI. 

If from the extremitieB of one side of a 
triangle lines be drawn to a point within 
the triangle, these two lines will together be 
less than the other two sides of the triangle, 
but will contain a greater angle. 

For the proof of this proposition we must know 
that, — 

1. Any two sides of a ^ are together greater than 
the third side, (Prop. XX.) 

2. If the same quantity be added to each of two 
unequal quantities, the sum of that quantity, 
and the greater of the two unequals, will be 
greater than the sum of the same quantity, and 
the lesser of the unequals. (Ax. IV.) 

3. The exterior ^, formed by producing a side of 
a A» is greater than either of the two interior 
opposite ^s. (Prop. XVI.) 

Let A B C be a A ; and suppose that lines A P 
and B P are drawn from the extremities of the side 
AB, to the point P, taken within the A. It has to 
be proved that the sum of the lines A P and P B is 
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less than the sam of the sides A G and G B, and that 

the ^ A P B is greater than the 

ZAGB. 

To proye this, produce the line 
A P, to meet the side G B in the 
point D. 

1. In the A A G D, the sum of 
the sides A G and G D is greater 
than the side A D. 

Let the line D B be added to each of these unequals, 
— ^that is, to the sum of A G and G D, and to A D. 

It will follow that the sum of A G, G D, and D B, 
will be greater than the sum of A D and D B. But 
the sum of A G, G D,' and D B is the same as the sum 
of A G and G B. Therefore, the sum of the lines A G 
and G B is greater than the sum of the lines A D and 
DB. 

Again, in the A P D B, the sum of the sides B D 
and D P is greater than the side B P. 

Let the line P A be added to each of these unequals, 
— ^that is, to the sum of B D and D P and to B P. 

It will follow that the sum of B D, D P, and P A, 
will be greater than the sum of P B and P A. 

But the sum of B D, D P, and P A, is the same as 
the sum of B D and D A. 

Therefore, the sum of B D and D A is greater than 
the sum of B P and P A. 

Now it was before shown that the sum of A G and 
G B is greater than the sum of A D and D B. 

Much more, therefore, is the sum of A G and G B 
greater than the sum of A P and P B, which is less 
than the sum of A D and D B. 

2. On looking at the A B D P, with its produced 
side D P A, it will be seen that the ^ A P B is an exte- 
rior Z of that A, and the ^ P D B one of the interior 
opposite ^8. 
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Consequently (Prop. XVI.), the ^ A P B is greater 
than the Z. PDB. 

Again, the ^ P D B is an exterior Z. of the A AG D, 
formed by the production of the side D. 

The ^ P D B, therefore, is greater than the ^ A C D. 

But it was before shown that the ^ A P B is greater 
than the ^ P D B. Much more, therefore, must the 
^ A P B be greater than the ^ A G B, which is less 
than the ^ P D B. 

In preying this proposition, it wonld have done equally 

well if the line B P had been produced to meet the side 

AGinE. 

It would then have been shown that 

the sum of AC and CB is greater 
than that of A E and E B ; and the 
sum of AE and EB greater than that 
of A P and P B. From which it would 
have been inferred that the sum of 
A C and C B is greater than that of 
APandPB. 
Secondly, it would have been shown that the exterior 
^ A P B 18 greater than the interior opposite ^ A E P ; 
and that the ^ A E P is, in its turn, an exterior /_ of the 
A E C B, and, therefore, greater than the interior and 
opposite ^, E C B. From which it would have been in- 
ferred, that the ^ A P B is greater than the ^ AC B. 




PBOPOSITION XXII. 

To make a triangle, the sides of which 
shall be equal respectively to three given 
straight lines, any two of which are greater 
than the third. 

For the construction in this proposition we must 

be able, — 
1. To describe a circle with a given centre, at a 

given distance from that centre. (Pof^t HL) 
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2. To- join two given points by a straight line. 
(Post I.) 

3. From a given point to draw a straight line equal 
in length to a given finite straight line. (I. 2.) 

4. From a given line to cut off a part equal in 
length to a given finite right line. (Prop. III.) 

To prove that the construction effects what is re- 
quired we must know, — 

1. That all radii of the same circle are equal in 
length. (Def. XV.) 

2. That magnitudes which are equal to the same 
are equal to one another. (Ax. I.) 

Let AB, CD, and E P be the three given lines — 
any two of which are greater than the third. 

Take a line 
GH, of un- 
limited length. 

In this line 
take any point, 
K. 

From the 

line KH cut ^ 

off a part, 

K M, equal to AB. (Prop. 111.) 

From the point K draw a line equal in length to the 
line D. Let it be the line K L. (Prop. II.) 

From the point M draw a line, M N, equal in length 
to the Hue EF. 

With K as centre, and at the distance K L, describe 
a circle. (Post. III.) 

With M as centre, and at the distance M N, describe 
another circle. 

These two circles cannot lie outside each other, but 
must be partly within and partly without each other. 
For (P being the point where the circle L P O inter- 
sects the line G H) K P is equal to K L, and is there- 

7 




E 
C 
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66 THE FIB8T BOOK OF ET70LID 

fore equal to C D. Now M P must be less than E F, 
and therefore less than a radius of the circle described 
with the centre M, because C D and E F together axe 
greater than A B, and therefore greater than K M. 
Consequently, K P and a radius of. the circle described 
with the centre M must be greater than KM; t.c, 
M P is less than a radius of the circle described with 
the centre M. 

It follows, therefore, that a part of each circle lies 
within the other. Consequently, they cut each other 
in two points. (See Ax* C.) 

Take O, one of these points of intersection, and join 
K and by the right line K 0, and M and by the 
right line M 0. 

The A K M will be the A required. 

For the side K is equal to the line K L, both being 
radii of the same circle. 

But KL was drawn equal to CD. 

Therefore also K O is equal to C D. 

Again, the side M is equal to M N, both being 
radii of the same circle. 

But M N was drawn equal to E F. Therefore, M O 
is equal to E F. 

Lastly, the side K M was cut off of the same length 
as AB. 

It has thus been shown, that the three sides of the 
A K O M are equal respectively to the three given* 
straight lines A B, C D, and E F. 



PBOPOSITIOM" XXIII. 

From a given point in a straight line to 
draw a straight line making with the given 
straight line an angle equal to a given angle. 

For the construction employed in this propositLon 
we must be able, — 
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1. To join two points by a straight line. (Post. I.) 

2. From a given point to draw a straight line 
equal to a given straight line. (Prop. II.) 

3. To describe a circle with a given centre and at 
a given distance from that centre. (Post. III.) 

4. From the greater of two given straight lines to 
cut off a part equal to the less. (Prop. III.) 

To prove that the construction effects what is re- 
quired we must know, — 

1. That radii of the same circle are equal. (Def. 
XIV.) 

2. That magnitudes which are equal to the same 
are equal to one another. (Ax. I.) 

3. That two sides of a A are together greater than 
the third. (Prop. XX.) 

4. That if two As have the three sides of the one 
equal respectively to the three sides of the other, 
the Ab will also be equal in every other respect. 
(Prop. VIII.) 

Let B A be the given rectilineal /_ . 

Let D E be the given straight line, and D the given 
point in it. 

It is required 
to draw from the 
point D a straight 
line, which shall 
make with the 
line DH an ^ 
equal to the ^ 
BAG. 

In the line A C take any point, 0. 

Li the line A B take any point, B. 

Join the points and B by the straight line C B. 

From the point D draw a line, D F, equal in length 
to the line A 0. (Prop. II.) 

Fi'om the line D £ cut off a part, D H, eqiuil in 
length to the line A B. (Prop. III.) 




68 THE FIEST BOOK OF EUCLID 

From the point H draw a line, H G, equal in length 
to the Hne B 0. (Prop. 11.) 

With D as centre and at the distance D F describe a 
circle. (Post. HL) 

With H as centre and HG as radius describe 
another circle. 

Because A C and C B are together greater than A B 
(any two sides of a A being greater than the third 
side), and A 0, OB, and A B are equal respectively to 
D F, H G, and D H, it foUows that D F and H G are 
together greater than D H. 

Consequently the two circles described with the 
centres D and H will intersect one another. 

Let K be one of the points where they intersect. 

Join D and K by the straight line D K. 

D K will be the line required. 

For, join K and H by the right line KH. 

In the A D K n the side D K is equal to the line 
D F, both being radii of the same circle. 

But D F is equal to A 0. 

Therefore D K is equal to A 0. (Ax. I.) 

The side K H is equal to the line H G. 

But HG is equal to CB. 

Therefore K H is equal to C B. 

And lastly, the side D H was cut off of the same 
length as A B. 

Thus, in the As BAG and H D K, the sides of 
the one are equal respectively to the sides of the 
other. 

Consequently the As are also equal in every other 
respect. 

Among these respects is that the ^ K D H is equal 
totheZOAB. 

That is to say, the line D K has been drawn so as to 
make with the line D £ an ^ equal to the given ^ 
OAB. 
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The directions for the construction, as set down in 
the ordinary editions of Euclid, involve making 
a triangle, the three sides of which shall be 
equal respectively to the three sides of another 
triangle, and, moreover, so that the sides shall lie 
in a given position. Now the 22nd proposition 
does not provide for this, and the construction 
as given above simply states explicitly what is 
necessary to effect this. 



It will be convenient, before entering upon the 24th pro- 
position, to establish the following introductory proposition, 
of which use is made in the course of the 24th proposition. 

If a straight line be drawn from the vertex 
of a triangle to any point in the base be- 
tween its extremities, that line will be 
shorter than one or other of the other two 
sides of the triangle.* 

This proposition admits of two cases : — 

1. Where the A is an isosceles A. 

2. Where one of the two sides is longer than the 
other. 

1. Let A OB be an isosceles A) smd CD a line 
drawn from the vertex to the point D in 
the base G 

It has to be shown that the line C D is 
less than either of the sides AC, C B. 

The ^ C D A is the exterior ^ of the 
A CBD, formed by the production of 
the side B D. 

Therefore, the ^ C D A is greater than the ^ 
CBD. 




* It mat/ be less than either — ^but must be less than one 
or other. 
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But since A C B is an isosceles A, the ^ A B is 
equal to the Z B A. (Prop. V.) 

Consequently the ^ ODA, which is greater than 
the Z C B A, is also greater than the Z A B. 

But since, in the A CD A, the /_ CD A is greater 
than the ^ CAD, it follows (according to the 19th 
proposition) that the side C A is longer than the side 
CD. And since CB is equal to CA, CB is also 
longer than C D. 

2. Let A CB be a A in which the side AC is 
longer than the side C B. 

It has to be shown that the line C D is shorter than, 
the longer of the two sides. 

Because C A is longer than B, it 
follows (according to the 18th pro- 
position) that the ^ CBA is greater 
the Z tlian CAB. 

CD A is the exterior Z of the A 
C B D formed by the production of 

the side B D. 

Consequently the Z C D A is greater than the Z 

CBD. 

Much more therefore is the Z C D A greater than 
the Z C A D, which is less than the Z C B D. 

But since, in the A D A, the Z C D A is greater 
than the Z OAD, it follows that the side CA is 
longer than the side C D. 

In each of these two oases it will be observed, that the 
side with which the line drawn to the base is compared 
may be described as that side which is not the less of the two. 
And what has been demonstrated in the two cases may be 
summed up by saying, that " If a line be drawn from the 
vertex of a triangle to any point of the base between its 
extremities, that line is shorter than that one of the 
other two sides of the triangle which is not the less of the 
two." 
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PBOPOSITIOW XXIV. 

If two triangles have two sides of the one 
equal to two sides of the other, each to each, 
but the angle contained by the said two 
sides of one of them greater than the angle 
contained by the said two sides of the 
other, the base of that triangle which has 
the greater angle will be greater than the 
base of the other. 

For the constmctioxi necessaiy in this proposition 
we must be able, — 

1. To join two given points by a straight line. 

2. From the greater of two given lines to cut off a 
part equal to the less. (Prop. III.) 

3. From a given point in a given straight line to 
draw a straight line, making with the given 
straight line an Z. eq^al to a given /_. (Prop. 
XXIII.) 

For proving the proposition by the aid of the con- 
struction we must know, — 

1. That if a line be drawn from the vertex of a A 
to a point in the base, that line is less than that 
one of the other two sides of the A which is not 
the less. 

2. That if two As have two sides of the one equal 
to two sides of the other, each to each, and 
have likewise the /_ included between the said 
sides in the one A ec[ual to the Z. included be- 
tween the said sides in the other, the As are also 
equal in every other respect. (Prop. IV.) 

3. That if two sides of a A are equal, the ^s 
opposite those sides are also equal. (Prop. V.) 

4. If one ^ of a A be greater than another, 
the side which is opposite the greater /_ is 
greater than the side which is opx>ofiite the less. 
(Prop. XIX.) 

Let ABC and DEE be two As, in which the 
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sides AB and BC are equal to the sides DE and 
2 £ E F, each to each, but 

the Z_ ABC is greater 
than the /_ DEF. 

It has to be proved that 
the base AC is greater 
than the base D F. 

Of the two sides AB, 
BC, let AB be that 
which is not the greater of the two (i.e., if the As 
are not isosceles, let it be the shorter of the two sides). 
From the point B draw a line, B L, making with the 
line A B an ^ equal to the ^ D E F, and meeting the 
base A C in the point L. 

B L being a line drawn from the vertex of a A to a 
point in the base between its extremities, is shorter 
than that one of the two sides of the A A B C which 
is not the less of the two. That is to say, it is shorter 
than B C (which we suppose to be either equal to AB, 
or longer than A B). 

Produce B L to any length, and from B L produced 
cut off a part, B H, equal in length to B C* 

* It is essential for the proof of the proposition that the 

point H should be on the opposite side 
of the base A C to the vertex B. For 
this purpose it is necessary that the 
line drawn from B, making with one 
of the sides of the A A B C an ^ equal 
to the ^ D E F, should make that ^ 
with that one of the two sides, AB, 
B C, which is not the longer of the two. 
If B C be longer than B A, and the line B H be drawn 
making with B C an ^ equal to the ^ D E F, it is quite 
possible that the extremity, H, of the line cut off equal to 
B A may fall within the A ; in which case the constructioii 
does not enable us to establish the proposition. 
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Joiil the points A and H and C and H by the right 
lines A H and H. 

By this construction we get a A» A B H, in which 
the side A B is (by supposition) equal to the side D E 
in the A D E F ; the side B H was made of the same 
length as the side B C or E F ; and the ^ A B H was 
made equal to the ^ D E F. That is to say, the two 
As A B H and D E F have two sides of the one, with 
the Z. between them, equal respectively to two sides 
of the other with the /_ between them. 

It follows therefore that these two As are equal in 
every respect. 

Among these respects is that the base A H is equal 
to the base D F. 

It now remains that we should show that the line A H 
is less than the line A G, which is done by showing that 
in the A AHC, the ^ AHC is greater than the ^ 
ACH. 

The line B H was made of the same length as the 
line BO. 

Consequently, in the A H B C, the ^s B H C and 
BOH, which are opposite the equal sides, are them- 
selves equal. 

Now, the ^ A H C is greater than the ^ B H 6, and 
is therefore greater than the ^ B G H, which is equal 
to the ^ B H G. 

Moreover, the ^ A G H is less than the ^ B G H, 
and is therefore less than the Z. AHG, which is 
greater than the ^ B G H. 

But it was proved in the 19th proposition that if one 
/_ of a A is greater than another, the side which is 
opposite the greater Z. is greater than the side which 
is opposite the less. 

Gonsequently, in the A AHG, the side AC, 
which is opposite the larger ^, AHG, is greater 
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than the side A H, which is opposite the smaller ^, 
ACH. 

Now it was proved before, that the line A H is equal 
to the line D F. 

Therefore, the line A 0, which is greater than A H, 
is also greater than D F.* 



PBOPOSITIOW XXV. 

If two triangles have two sides of the one 
equal to two sides of the other, each to 
each, but the base (or third side) of the one 
greater than the base (or third side) of the 
other, the angle contained by the two sides 
of the one which has the greater base will 
be greater than the angle contained by the 
corresponding two sides of the other. 

The proof of this proposition is of the indirect kind. 
No construction is made use of for comparing 
the ^s; but it is shown that erery supposi- 
tion respecting the relative size of the two ^s, 
except that stated in the enunciation of the 



* Let this proposition next be gone through with the 
following variations in the position of the figures : — 





No alteration will be necessary in the wording of the pro- 
poadtion, while the letters are arranged as above. 
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propositioii, must be impossible, because it 
would oblige us to admit somethiug which is 
contradicted by what we know to be true. 
(See p. 28.) 
For the proof of the proposition we must know, — 

1. That if two ^b have two sides of the one equal 
to two sides of the other, each to each, and have 
likewise the ^ included between the said sides 
of the one equal to the ^ included Jbetween the 
said sides of the other, then those two As are 
also equal in every other respect, and (among 
those respects) have their bases equal. 

(Prop, rv.) 

2. That if two As have two sides of the one equal 
to two sides of the other, each to each, but the 
^ included between the said sides of the one 
greater than the ^ included between the said 
sides of the other, then the base of that A 
which has the greater ^ is greater than the 
base of that which has the smaller ^. (Prop. 
XXIV.) 

Let ABO and DEF be two As in which the 
sides AB and BC are equal to the sides DE and 
EF, each to each, and the side 
AO greater than the side DF. 
It has to be shown that the ^ 
ABO is greater than the Z. 
DEF. 

Proof, One of the three follow- 
ing altematiyes must be true, and 
only one can be true. 

Either the Z ABO is greater than the ^ DEF, 
or the ^ AB is equal to the ^ DE F, or the Z. 

A B is less than the Z DEF. 

Now, the Z A B cannot be equal to the Z I^ E F, 
for, if it were, we should have the two As, A B and 
DEF, with two sides and the included Z oi the one 
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equal respectively to two sides and the included ^ of 
the other. Consequently (according to the fourth 
proposition), the base A G would be equal to the base 
DF. 

But this cannot be the case, for we know, to start 
with, that the base A is greater than the base D F. 

Consequently, the ^ A B C cannot be equal to the 
Z DEF. 

Again, tte ^ ABC cannot be less than the ^ 
D E F, for, if it were, then in the two As, ABC and 
D E F, we should have the two sides A B and B 
equal respectively to the two sides D E and E P, but 
the Z DEF greater than the ^ ABC. Conse- 
quently (according to the 24th proposition), the base 
D F would be greater than the base A C. 

But this is impossible, for we know, to start with, 
that D F is not greater than A C. 

It follows, therefore, that since the ^ A B C can- 
not be equal to or less than the ^ D E F, it must be 
greater than it. 



PBOPOSITION XXVL 

If two triangles have two angles in the one 
equal to two angles in the other, each to 
each, and have likewise one side in the one 
equal to a side in the other similarly placed 
with respect to the equal angles, then those 
triangles will also be equal in every other 
respect. 

For the construction employed in this proposition 
we must be able, — 

1. To join two given points by a straight line. 
(Post. I.) 

2. From the greater of two given straight lines to 
cnt off a paH equal to the less. (Prop. III.) 
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For the proof of the proposition we must know, — 

1. That magnitudes which are equal to the same, 
are equal to one another. (Axiom I.) 

2. That if two ^s have two sides and the ^ 
between them in the one, equal respectively to 
two sides and the ^ between them in the other, 
those As are also equal in every other respect. 
(Prop. IV.) 

3. That if one side of a triangle be produced, the 
exterior /_ is greater than either of the two 
interior opposite angles. (Prop. XVI.) 

This proposition divides itself into two cases : — 

1. When the equal sides are opposite neither of the 
equal ^s. 

2. When the equal sides are opposite respectiyely to 
one or other of the pairs of equal ^s. 

The proof of the proposition is (in part) of the indirect 
kind. It is shown first that we should be compelled to 
admit an absurdity, if it were supposed possible that one 
of the other pairs of sides in the ^s were unequal, and 
then, by the application of the fourth proposition, it is 
proved that the two Ab ai^ equal in every other reject. 

1. Suppose ABO and DEF to be two As, with 
respect to which we know that 
the ^ CAB is equal to the 
Z ED E ; the Z CB A to the 
Z FED, and the side AB 
equal to the side D E (the sides 
AB and DE being opposite a b d 

to neither of the pairs of equal ^b). 

It lias first to be shown that, besides the sides A B 
and D E, the As have also another pair of sides equal. 

Take for instance, the sides A C and D F. If these 
sides were not equal, one would be the greater of the 
two. Suppose A C were greater than D F. 

We should then be able to cut off from A a part, 
A L, equal to D F. 
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Then, if we were to join L and B by the straight 
line B L, we should have a A L A B, in which the 
side L A would be equal to the side D F in the A 
DEF, the side AB to the side DE, and the /_ LAB 
equal to the /_ F D E.* That is to say, these two As 
would have two sides and the /_ between them in the 
one, equal respectively to two sides and the Z. between 
them in the other. 

Consequently (Prop. IV.) these As would also be 
equal in every other respect. 

Among these respects would be that the ^ L B A 
would be equal to the Z ^ E D. 

Now the Z F E D is equal to the ^ CB A. (This 
is one of the points supposed at first respecting the As 
A B and D E F.) 

Therefore also the ^ L B A would be equal to the Z. 
B A : — That is to say, a part would be equal to the 
whole of which it is a part — which is an impossibility. 

It follows, therefore, that the supposition which 
would lead of necessity to this impossibility (namely, 
that the side A G is greater than the side D F) must 
itself be impossible. That is to say, the side A C is not 
greater than the side D F. 

In a -similar manner, it may be shown that the side 
A C is not less than the side D F.f 



♦ This we know to start with, 
f The proof of this at length is as follows : — 
Q Y Suppose it possible that DF 

should be longer than AC, we 
should then be able to cut off a 
part, D F, equal to A C. If this 
were done, and the points P and 
E were joined by the right line 
P E, we should have a A P I> E, 
in which the side P D would be equal to the side C A, the 
side D E to the side AB, and the ^ PDE to the ^ CAB. 
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But tlio line A nmst be either greater than J) F, 
less than J) F, or equal to D F. 

It follows, therefore, since A C can be neither greater 
nor less than D F, that it must be equal to D F. 

Hence the two As, CAB and F D E, have two sides 
of the one (namely C A and A B) equal respectively to 
two sides of the other (namely F D and D E), and the 
included ^ C A B in the first equal to the included ^ 
F D E in the second. 

It follows, therefore (Prop. IV.), that these As are 
also equal in every other respect. 

Case 2. Next suppose that the As B 1) and F G H 
have the ^ DBC in the one 
equal to the ^ H F G in the 
other, the ^ D C B in the one 
equal to the Z HGF in the 
other, and the sides BD and 
FH (opposite the equal ^s 
BOD and FGH) equal to one B K C F 

another. 

In the proof of this case also the first step consists in 

Consequently (according to the fourth proposition) these 
As woidd be equal in every respect. 

Among these respects would be that the ^ P E D would 
be equal to the ^ C B A. 

But it was supposed, to start with, that the ^^ B A is 
equal to the ^ F E D. 

Therefore, the ^ PE D would also be equal to the ^ 
FED. 

But this is impossible, for the ^ P E D is only a part of 
the ^ FED. 

It follows, therefore, that the supposition which led to 
this absurdity must itself be impossible. 

That is, it is impossible that the side D F should be 
longer than the side AC, or in other words that the 
side A C should be less than the side D F. 
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showing that the /^s have one other pair of sides equal, 
namcl7, the pair consisting of that side in each A which, 
with one of the sides supposed to be equal, includes, in each 
^, one of the equal ^s (or the pair of sides to be proved 
equal may be described as being opposite tiiat pair of ^s 
which are not known or supposed to be equal, to start with). 
In the Ab before us these sides must be B C and F Q-, which 
with the equal sides B D and F H, include the equal ^s 
DBCandHFG.* 

If B and F Q were not equal, one or other would 
be the greater of the two. 

Suppose the side B were longer than the side F G, 
we should then be able to cut off a part, B K, equal to 
FG. 

If this were done, and the points I> and K were 
joined by the right line DK, we should get a A. 
D B K, in which the side D B would be equal to the 
side H F, the side B K to the side F G, and the ^ 
D B K to the Z- H F G. That is to say, two sides and 
the included ^ in the one A would be equal respect- 
ively to two sides and the included ^ in the other A- 

It would follow (according to the fourth proposition) 
that these As would be equal also in every other 
respect. 

Among these respects would [be, that the ^ D K B 
would be equal to the ^ H G F. 

Now it was supposed, to start with, that the ^ 
D C B is equal to the Z H GF. 

♦ It would be of no use to show that the sides D C and 
H G are equal, even if it were possible to do so, for we 
should still be unable to apply the fourth proposition to 
prove that the As are equal in every other respect. For 
though we should have two sides in the one, viz., B D and 
D C, equal to two sides in the other, viz. F H and H G, we 
are not entitled to afiirm (before it is proved), that the ^ 
BD C is equal to the ^ FHG. 
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It would follow, therefore, that the / D K B would 
be equal to the ^ D B. 

But this is impossible, for the Z. B KB is the ex- 
terior ^ of the A D K, formed by the production of 
the side OK, and is therefore greater than the ^ D C B. 

Consequently the supposition which led to this im- 
possibility must be itself impossible. That is to say, 
it is imposible that the side B should be greater than 
the side F G. 

In the same way it may be proved that the side B C 
is not less than the side F G.* 

• The proof, at length, is as follows : — 

If F G were greater than B 0, 
we should be able to out off a 
part, F L, eqnal to B 0. 

If this were done, and the points 
H and L were joined by the 
straight line, H L, we should have 
a AHFL,inwhichthesideHF 
would be equal to the side D B in the A I^ B C, the side 
F L to the side B G, and the included ^ H F L to the in- 
cluded ^ D B C. Consequently (according to the fourth 
proposition), the As H F L and DBG would also be equal 
in every other respect. 

Among these respects would be that the ^ HLF 
would be equal to the ^ D C B. 

Now the ^ D C B we know, to start with, to be equal to 
the ^HGF. 

Consequently, the ^ H L F would be equal to the ^ 
HGF. 

But this is impossible, for H L F is the exterior ^ of the 
A H G L, formed by the production of the side G L, and is 
therefore greater than the interior and opposite ^, H G F. 

It follows, therefore, that the supposition which led to 
this impossibility must itself be impossible, that is to say, 
it is impossible that thfi side F G should be greater than 
the side B C. 
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But the side B must be either greater than, less 
than, or equal to, the side E G. 

GoDBequently, as it is neither greater nor less than 
FG, it is equal to Fa. 

Hence, in the As D B and H F G, two sides of the 
one, namely D B and B C, are equal to two sides of the 
other, namely H F and F G, each to each, and the 
included Z. I) B of the one is equal to the included 
Z H F G of the other. 

Consequently, according to the fourth proposition, 
these As are also equal in every other respect. 

This case of the propoBition may next be proyed, sup- 
posing that the angles D B and DOB are equal to the 
^8 H FG and H GF, each to each, and the side D to the 
side H G (in the last figure). 

By altering the position of the letters to that indicated 
in the following diagram, the demonstration of the propo- 
sition will remain word for word the sazae. 

B p 




Aft another variation let the proposition be gone through 
with the changes which will be occasioned by placing the 
letters as in the following diagram : — 




The 4th, 8th, and 26th propositions contain all the con- 
ditions essential for the equality of two As in all respects. 
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Tvith one exception, which will be mentioned presentij. It 
will be Been that thrte parts of the one must be eqoal to 
ihrw parte of the other respectively, one at least of these 
three parts being a side of the ^. The parts that they 
must haye respectively equal, are — 1. Two sides and the ^ 
between them. (IV.) 2. Three sides. (VIII.) 3. Two 
^8 and one side similarly placed with respect to the equal 
^8. (XXVI.) 

If two As have two sides of the one equal to two sides 
of the other, each to each, and ons /_ in the one equal to 
01M ^ in the other, opposite corresponding equal sides, the 
As aro not necessarily equal in all respects. But the ^s 
q;>pofiite the other pair of equal sides will be either equal or 
supplementary. * 

Inthe AsABCand D E F, let the side A G be equal to 
the side D F, the side 
CB to the side FE, 
and the /_ GAB to 
the^lFDE. If the 
^s AGB and DFE 
are also equal, the As 
are equal in every 
respect. If not, let 

one of them, A G B, be larger than the other, aud from G 
draw the line G G, making with the looger of the two sides 
A G, GB an /^ AG G, equal to the Z Jf> ^E, and meeting 
A B in G. The As A G G and DFE will be equal to each 
other, in every respect (according to the 26th proposition). 
Gonsequentiy, the ^ A G G is equal to the ^ D E F. But 
G G is equal to F E, and is therefore equal to G B. Gon- 
sequentiy the ^s G G B and G B G are equal to each 
other. 

But G G A and G G B together make up two right ^s ; 
therefore G B A and FED together make up two right 
Zs. 

• Two /% are said to be tupplemmtary when they are 
together equal to two right ^s. They are said to be com- 
pUmeniary^ when they are tog^ether equal to one right ^. 





b4 THE FIB8T BOOK OF EUGLID 

If anything enables us to affirm that the ^s B A and 
FEB oannot be supplementaiy to each other, it wiU follow 
that they are equal, and therefore that the As B,re equal in 
all respects. If we know that they are both obtuse, they 
cannot be supplementary, because the supplement of an 
obtuse ^ must oe acute. 

If we know that the ^s which are g^ven equal are 
either right or obtuse, the ^s opposite the other pair of 
equal sides must be acute (Prop. XXXH.), and therefore 
cannot be supplementary to each other. 

If the ^s which must be either equal or supplementary 
are opposite sides which are shorter than the other pair of 
equal sides, these ^s eamiot be supplementary ; for if they 
were, one of them would be obtuse, and an obtuse ^ in a 
A must be the largest of the three ^s (Prop. XXXII.), 
and therefore must have the longest side opposite to it. 
(Prop. XIX.) 

If we know that one of the two ^s opposite the second 
pair of equal sides is a right ^, the other must also be a 
right Z.f because a right ^ is the supplement of a right 
^ ; therefore it comes to the same thing whether they are 
considered as equal or as supplementary. 



PROPOSITION XXVII. 

If a straight line meets two other straight 
lines, and the alternate angles so formed are 
equal, those straight lines are parallel,— that 
is, will never meet one another, however far 
they may be produced. 

To prove this proposition, we must know, that if 
one side of a A he produced, the exterior ^ is 
greater than either of the two interior and op- 
posite ^s. (Prop. XVI.) 
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The proof of this proposition is of the indirect kind. 

A B and 1) are 
two straight lines 
intersected by the 
straight line E F, 
and the alternate ^s 
ALH and L H D 
are equal to one 
another.* We have 
to prove that the lines A B and C D when produced 
will not meet. 

Proof, Suppose it were possible that they should 
meet at a point K. The two lines L K and H K, with 
the line L H, would then form a A L X K. 

The ^ ALH would be the exterior ^ of this A, 
formed by the production of the line K L, and would 
(Prop. XVI.) be greater than the interior and opposite 
^LHD. 

But this is impossible, for the ^s A L H and L H D 
are equal. 

Therefore the supposition that would lead to this 
impossibility must be itself impossible. That is, it is 
impossible that the straight lines A B and D should 
meet, when produced, in the point K. 

In a similar way it might be shown that they could not 
meet, when produced, on the other side of the line E F. 

In other words (see Def. XXVI.) the straight lines 
A B and C D are parallel. *" 

* The ^8 B L H and L H are also alternate ^s. If we 
know either pair of ^s to be equal, it will follow that the 
other pair are also eqnal ; for the /j^ ALH and B L H are 
together equal to two right ^s, as are also the ^s L H D 
andLHC, and consequently the /_% BLH and ALH 
are together equal to L H D and L H G. If then either 
pair of alternate ^s be equal, and be taken away from 
these equal sums, the remainders will be equal. 
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FBOFOBITIOir XXVIIL 

If a straight line intersects two other 
straight lines, and the exterior angle so 
formed is equal to the interior and opposite 
angle on the same side of the intersecting 
line, or if the two interior angles on either 
side of the intersecting line are together 
equal to two right angles, then those two 
straight lines are parallel. 

The above enunciation really inclades two sepaiate pro- 
]x>§itionB, which will be more clearly understood if taken 
separately. 

1. If a straight line intersects two other 
straight lines, and the exterior angle so 
formed is equal to the interior and opposite 
angle on the same side of the intersecting 
Une, then those two straight lines are 
parallel (i.e., will not meet, however far 
they may be produced). 

To prove this we must know, — 

1. That magpaitudes which are equal to the same 
are equal to one another. (Ax. 1.) 

2. That if two straight lines intersect one another, 
the vertically opposite ^s axe equal. (Prop. XV.) 

3. That if one straight line meet two other straight 
lines, and make the alternate /% equal, those 
sbraight lines are parallel. (Prop. XXVil.) 

The straight lines A B and CD are intersected by 

the line £ F, and the exterior 
^ ELB is equal to the interior 
and opposite ^ L H D on the 
same side of the intersecting 
line. We have to prove that 
the straight lines A B and C 1) 
are paralleL 
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Ffoof, The 2^8 ELB and A L H, being the 
yertically opposite ^s formed by the intersection of 
the lines A B and EE are equal. (Prop. XY.) 

But the Z. ELB 18 equal to the Z. LHD. 

Therefore the ^ ALH is also equal to the Z. 
LHD. 

But ALH and LHD are alternate ^s. Conse- 
quently, as the line E E intersects the lines A B and 
G D» and the alternate /% are equal, the lines A B and 
C D are parallel. (Prop. XXYIL ) 

Similarly, if, instead of the /% ELB and L H D, it were 
known that the ^s E L A and L H G were eqnal, the pro- 
position would be proved by showing that the ^ E L A is 
equal to the yertically opposite ^ B L H, and that coose- 
quently the alternate ^s BLH and LHG would be 
eqoaL 

2. If a right line meets two other right 
lines, and the two interior angles are 
together equal to two right angles, those 
right lines are parallel. 

To proye this proposition we must know : — 

1. That if one straight line meets another straight 
line, the adjacent ^s so formed are together 
equal to two right ^s. (Prop. XIII.) 

2. That things that are equal to the same are 
equal to one another. (Ax. I.) 

3. That if the same quantity be taken from two 
equal qnantities the remainders are equal. 
(Ax. III.) 

4. That if one straight line meets two other 
straight lines, and the alternate /% so formed 
are equal, those straight lines are parallel. 

(Prop, xxvn.) 
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A B and 1) are two straight L'nes met by the 

straight line E F, and the 
Z.B BEF and EFD are 
together equal to two right 
^8. It has to be proved 
that the right lines AB 
and G D are parallel. 

Proof, Because the 
straight line FE meets the 
straight line AB, the adjacent ^s AEF and BEF 
are together equal to two right ^s. (Prop. XIII.) 

But the ^s B E F and E F D are also together equal 
to two right ^8. 

Therefore the sum of the ^s AEF and BEF is 
equal to the sum of the Zs B E F and EFD. 

If from each of these equal sums we take away the 
^ B E F, the remainders are equal. That is to say, 
the ^ AEF is equal to the ^ EFD. 
But AEF and E F D are alternate ^ s. 
Therefore, as these alternate ^s are equal, the lines 
A B and D will never meet when produced ; (yr in 
other words are parallel, (Prop. XXVII.) 

Thus far there is no dificnlty whatever with respect to 
parallel lines. The proof of the next proposition, however, 
requires that we should assume the truth of the 11th axiom. 
Now this axiom, though no one ever doubted its truth, is 
by no means so obviously true as the other axioms. In 
fact there are several propositions of which a detailed proof 
is given in geometry, the truth of which is more readily 
perceived than that of the 1 1th axiom. Numerous attempts 
have, in consequence, been made to supersede the necessity 
for the use of this axiom ; but entirely without success, as 
some axiom or other is always assumed which is quite as 
difficult as the 11th. The difficulty, of course, arises from 
the fact that the definition of parallel lines is of a negative 
character, and therefore, without wma positive axiom, would 
not enable us to found any inferences upon it. 
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FBOPOSITION XXIX. 

If two Straight lines are parallel and a 
third straight line intersects them, then the 
alternate angles so formed will be equal, the 
exterior angle will be equal to the interior 
and opposite angle on the same side of the 
intersecting line, and the two interior angles 
on the same side of the intersecting lino 
will together be equal to two right angles. 

For fche proof of this proposition we must know, — 

1. That if two straight lines meet a third in such 
a way that the two interior ^s on the same side 
of it are together less than two right ^s, 
those straight lines will meet if produced. 
(Ax. XI.) 

2. That magnitudes that are equal to the same are 
equal to one another. (Ax. I.) 

3. That if equals or the same be taken from equals, 
the remainders are equal. (Ax. III.) 

4. That if one straight line meets another, the 
adjacent ^s so formed are together equal to 
two right ^s. (Prop. XIII.) 

o. That if two straight lines intersf'ct one another, 
the vertically opposite ^s are equal. (Prop. XV. ) 

The 29th proposition in reality consists of three distinct 
propositions, classed together under one heading or enun- 
ciation, and corresponding respectively to the 27th and the 
two parts of the 28th proposition, of which they are the 
converse. 

As all three cases of the 29th proposition depend upon the 
application of the 11th axiom, it will be most convenient to 
take the third case first, as in it the axiom in question is 
applied most directly. 
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1. If two straiglit lines are parallel, and a 
third meets them, the two interior angles on 
the same side of the intersecting line are 
together equal to two right angles. 

The two lines AB and OB are parallel (i-.c, how- 

eyer far they may be pro- 
duced, they will never 
meet). The line E H inter- 
sects them. We have to 
jrove that the /_% BFL 
and FLD are together equal 
to two right ^s. 
The proof of this is of the 
indirect kind. If the /.^ BFL and FLD are not 
together equal to two right ^s, they must be either 
less than two right ^s, or greater than two right ^s. 
If they were less than two right ^s, then the lines 
F B and L D would meet if produced (according to the 
11th axiom). 

But this is impossible, for we know, to start with, 
that the lines A B and G D are parallel (t. e., can never 
meet). 

Consequently the supposition that would lead to this 
impossibility must be itself impossible. 

That is to say, it is impossible that the ^s BFL 
and FLD should be together less than two right ^s. 
Again — ^suppose the ^s B F L and FLD were to- 
gether greater than two right ^s. Since the ^s BFL 
and L F A are together equal to two right ^s (accord- 
ing to Prop. XIIL), and the 2^s FLD and FLO are 
also equal to two right ^s, the four ^s B F L, L F A, 
FLD, and FLO are together equal to four right /^s. 
Therefore, it would follow that on taking away firom 
the sum of these four ^s the two /% BFL and FLD, 
if the latter were together greater than two right /^s, 
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the remaining ^^8 AELand J? L would be together 
less than two right ^s. 

But if the two straight Hnes A F and L meeting a 
third, FL, made the interior ^s AFL and FLC 
together less than two right ^s, the two straight lines 
F A and L would meet if produced. (Ax. XI.) 

But this is impossible, because we know, to start 
with, that F A and L are parallel. 

Consequently^ it is impossible that the two ^s 
AF L and FLC can be together less than two right 
^8, and therefore it is impossible that the two /^b 
B F L and F L D should be together greater than two 
right ^s. 

Hence, as the ^/s B F L and F L D can be neither 
less than two right ^s nor greater than two right ^s, 
they must together be equal to two right ^s. 

Moreover, since B F L and F L D are together equal 
to two right ^s, if they be taken away from the four 
Zs B F L, L F A, F L D, and F L C, the remaining 
^s L F A and FLC will be together equal to two 
right ^s. 

2. If two straight lines are parallel and a 
third straight line intersects them, the alter- 
nate angles so formed will be equal. 

Let AB and C D be parallel, and let £ H intersect 
them in the points F and 
L. Then the ^ AFLwill 
be equal to the ^ F L D, 
and the ^ B F L to the ^ 
FLC. 

It has already been prored 
that the two interior ^s ^ 

B F L and F L D are together equal to two right ^s. 

Also, since the straight line L F meets the straight 
line AB, the adjacent ^b AFL and BFL are 
together equal to two right ^s. (Prop. XIII.) 
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Therefore the sum of the ^s BFL and FLD is 
equal to the sum of the ^s A F L and L F B. (Ax. I.) 
Take away the common ^ , B F L, and the remain- 
ders, the ^s A F L and FLD will be equal to one 
another. 

Also, it was proved in the last case that the two 
interior ^s A F L and F L G are together equal to two 
right ^8. 

But the ^s AFL and BFL are also together 
equal to two right ^s. Therefore the ^s A F L and 
F L C are together equal to the sum of the two ^s 
AFLandLFB. 

Take away the common ^ , A F L, and the remain- 
ders, namely, the ^s B F L and FLO, will be equal. 
3. If two straight lines are parallel and a 
third straight line intersects them, each of 
the exterior angles is equal to the interior 
and opposite angle on the same side of the 
intersecting line. 
Let A B and D be parallel, and let E H intersect 
2 them in the points F and L. 

We have to prove that the 
^ E F B is equal to the Z 
F L D, and the ^ E F A to 
the ^ F L 0. 

Proof, Since the straight 
lines A B and E H intersect 
one another at the point F, 
the vertically opposite ^s E F B and A F L are equal. 
(Prop. XV.) • 

But it was proved in the last case that the ^ A F L 
is equal to the ^ F L D. 

Therefore the ^ EFB is also equal to the /_ 
FLD. 

Again, the vertically opposite ^s E F A and BFL 
are equal. (Prop. XV.) 
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But it was proved that the /^ B F L is equal to tho 
^FLO. 
Therefore the ^ E F A is also equal to the ^ FLC. 

In a similar way it might be shown that the ^ H L D is 
equal to the ^ L F B, and the ^ H L C to the ^ L F A. 



FBOFOBITIOlSr 

Straight lines which are parallel to the 
same straight line are parallel to each other. 

To prove this proposition we must know, — 

1. That magnitudes which are equal to the same 
are equal to one another. (Ax. I.) 

2. That if two straight lines are parallel, and are 
out by a third straight line, the alternate ^s so 
formed are equaL (Prop. XXIX.) • 

3. That if two straight lines are parallel, and are 
cut by a third, the exterior ^ is equal to the 
interior and opposite ^ on the same side of the 
intersecting line. (Prop. XXIX.) 

4. That if two straight lines are crossed by a 
third, and the exterior /_ so formed is equal to 
the interior and opposite /_ on the same side of 
the intersecting line, those straight lines are 
parallel (Prop. XXVIII.) 

Com 1. Suppose the two straight lines A B and C D 
are each parallel to EF. 
We have to prove that A B 
and CD are parallel to each 
other. ^ 

Proof. Draw the straight c 
line G M, intersecting the. 
lines AB, OD, and EF, ^ 
in the points H, K, and L. 
Because the lines AB and 
E F are parallel and the line G M cuts them, the 
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exterior ^ GH A is equal to the interior and opposite 
Z. HLE. 

Again, because G D and E F are parallel, the ex- 
terior ^ H £ is equal to the interior and opposite 

Therefore, since the ^s G H A and H K are both 
equal to the ^ KLE, they are equal to each other. 

Now the ^8 G H A and H K are the exterior and 
interior opposite ^s, formed by the intersection of the 
two lines A B and D by the line G M. 

But if two straight lines are crossed by a third, and 
the exterior ^ so formed is equal to the interior and 
opposite Z, on the same side of the intersecting line, 
those straight lines are parallel. (Prop. XXVJLLL.) 
^erefore the lines A B and G D are parallel. 

Q (7gwc2. Suppose the lines 

A B and G D are both 
parallel to the line E F 
B (which lies between them). 
Draw the line GM in- 
^ tersecting the three lines 
D in the points H, K, and L. 
Because the lines A B 
and EF are parallel, and 
the line GM intersects them, the exterior ^ GHA 
is equal to the interior and opposite ^ H L E. 

Again, because E F and G D are parallel, and the 
line GM intersects them, the exterior ^ HLE is 
equal to the interior and opposite ^ L K G. 

Therefore, since the ^s G H A and L K G are both 
equal to the ^ H L E, they are equal to each other. 

We have, therefore, two straight lines, A B and G D, 
out by a third, so that the exterior ^ thus formed 
(namely G H A) is equal to the interior and opposite 
Z. on the same side of the intersecting line (namely, 
the Z HKG). 
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It foUowS) therefore, according to the 28th proposi- 
tion that these two right lines A B and G D are parallel 
to each other. 



FBOFOSITION XXXI, 

To draw a straight line through a given 
point parallel to a given straight line. 

For the congtraotion requisite in this proposition 
we must be able, — 

1. To join two given points by a straight line. 
(Fost. I.) 

2. From a given point in a given straight line to 
draw a straight line making with the given line 
an ^ eqnalto a given ^. (Frop. XXIII.) 

To prove that the construction effects what is re- 
quired we must know, — 

That if two straight lines are met bj a third, and 
the alternate /ja so formed are equal to one 
another, those two straight lines are parallel. 
(Frop. XXVII.) 

Let AB be the given straight line, and D the 
given point. We have to draw 

through the point D a line D 

parallel to the given line A B. 

In the line AB take any 
point, as 0. ^ 

Join D and C by the straight c 

line D 0. 

From the point D draw the straight line D E, 
making with the line DO an /^, D E, equal to the 
ZDOB. (Prop. XXIII.) 

Produce the line E D tlux)ugh the point D to any 
point F. E F is the line required. 

For since the two straight lines EF and AB are 
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met by a third straiglit line, and the alternate Zb bo 
formed, namely, ODE and D C B, are equal, the lines 
E Find A B are paraUel. (Prop. XXVII.) 



FB0F08ITI0N TXXn. 

If a side of a triangle is produced, the 
exterior angle is equal to the sum of the 
two interior and opposite angles; and the 
three interior angles of a triangle are 
together equal to two right angles. 

For the oonstmction employed in this proposition 
we must be able to draw through a given point 
. a right line paraUel to a given right line. 
(Prop. XXXI.) 

For proving the proposition by the aid of the con- 
struction we must know, — 

1. That if the same, or equal quantities be added 
to equals, the sums will be equaL (Ax. H.) 

2. That if one straight line meet another, the 
adjacent /_% so formed are together equal to 
two right /jA. (Prop. XIII.) 

3. That if two straight lines are parallel and a 
third straight line meets them, the alternate ^s 
so formed are equal, and the exterior ^ is equal 
to the interior and opposite /_ on the same side 
of the intersecting line. (Prop. XXIX.) 

Let A B G be a A, of which one side, A C, has been 

produced. 

It has to be shown that the ex- 
terior /_ B C D is equal to the sum 
of the two interior and opposite 
^s, BAG and ABG, and that 
the three interior ^s of the t^ 
ABG are together equal to two right ^8. 




EXPLAINED TO BE0INXEB8. 97 

ThTough the point C draw the straight line G E 
parallel to the side A B. 

The exterior ^ B C D is thus divided into two p&rts ; 
and the proof of the proposition consists in showing that 
one of these parts is equal to one of the interior and op- 
posite ^s ; and the other part to the other. 

Since the lines A B and E are parallel and are 
met by a third line, B 0, it follows (Prop. XXIX.), that 
the alternate ^s so formed, namely ABC and B G E, 
are equal. 

Again, since A B and G E are parallel, and are in- 
tersected by a third line, A D, it follows that the 
exterior ^ E G D is equal to the interior and opposite 
Z, on the same side of the intersecting line, namely 
the ^ B A 0. 

But if equals be added to equals, the sums are equal. 

(Ax. n.) 

Therefore, if the equal ^sABGandBGEbe 
added respectively to the ^s BAG and EGD, the 
sums will be equal : that is, the sum of the ^s B G E 
and EGD will be equal to the sum of the /j& A B G 
and B A G. 

B G E and EGD together make un the exterior ^ 
BGD. 

Therefore the exterior ^ B G D is equal to the sum 
of the two interior and opposite ^s, ABG and 
BAG. 

Now, if to each of these equals be added the ^ 
B G A, the sums will be equal. (Ax. II.) 

That is to say, the sum of the exterior ^ B G D, and 
the ^ B G A, will be equal to the sum of the ^s 
ABG, BAG, andBGA 

But since the straight line B G meets the straight 
line AD, the sum of the adjacent ^s BGD and 
B G A is equal to two right Z. s- 

II 
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ThienSoite, alao, tlie Bain of the three interior ^8 of 
the ^ A B C is equal to two right ^8» 

In the same way it may be proyed that the snm of 
the three interior ^s of any other A is equal to two 
right ^8. 



Tins important prqpositioii inTolyes an immenfle variety 
of oonaeqnenoes. Some of the most obvioiu are stated in 
the following corollaries : — 

1. If one ^ of a A is A right ^y the other two 
j^B are together eqnal to a right ^. 

2. If one ^ of a ^ is eqoal to the som of- the 
other two ^8, that ^ is a right ^. 

9. An obtuse ^ is greater, and an acute ^ is less 
than the sun of the otiier two ^Si 

4. If one ^ of a A is greater than th»siim of the 
other two, it is obtuse; if it is less than theanm 
of the other two, it is acnte. 

fi. If two isosceles ^s hare their yertieal ^seqj;ul, 
the ^s at their, basea are also eqnaJL 

6. If the Tertical ^ of an isosceles- A ia a right 
^, each of the ^s at the base is half a right ^. 

7. The sum of all the internal ^s of any. recti- 

linear figure, togetheor witii four 
right ^s, is equal to twice as many 
right ^s as the figure has sides. 
Let A B D E be a rectilinear fignze. 
Take a point F somewhere inside the 
figure, and join the points F and A- 
F and B, F and G, F andD, FandK 
The whole figure is thus divided into as many A* 

as the figure has sides. 
The sum of the three ^s of each of these As i' 
two right ^8 ; consequently, the sum of all iin 
^s of all the As is twice as many right ^s as 
the figure has sides. 
Tlie /^s at the point F together make up four 
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right ^s ; the other ^9 of the As nuilra up the 
2^8 of the poljgon AB CD E. Therefore the 
^s of the polygon together with four right 
^8>are e^nal to twloe as many right ^s as the 
figure has sLdes. 
& If ttie sides of any oonyex rectilinear figure be 
produced, the external ^s are together equal to 
louv right' ^. For each external ^ with the 
internal ^ adjacent to it, makes 
up the two right ^s. Conse- 
quently, all the internal ^s and 
all the external ^s taken together 
make up twice as many right ^s 
as the fignire has sides. But aU 
the* internal ^s, together with four right ^s, 
make-up twice as many right ^s as the figpure 
has sides. It follows, therefore, that all the 
external ^s taken together, make up four 
right ^s. 
9. Each ^ of an equilateral A is the third part 
of two right ^8, or two-thirds of one right ^. 
Therefore, if we bisect an ^ of an equilateral 
A} we get the third part of a right ^. (See 
note on Prop, IX) 




PBOFOSITION XZXm. 

If there are two strai^t lines whiclL are 
equal and parallel to each other, and their 
corresponding* extremities be joined by 
straight lines, these straight lines will also 
be equal and parallel. 

For the construction in this proposition we must 
be able to join two given points by a straight 
line. 



* By eorrespondififf extremities are meant those which 
point in the same direction. 
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To proYO the propoflition by the help of the con- 
Btmction we mufit know, — 

1. That if two As haye two sides of the one equal 
respectively to two sides of the other, and also 
the Z_ included between the said sides in the 
first A equal to the ^ included between the 
said sides in the other A» those ^s will also be 
equal to each other in every other respect. 
(Prop. IV.) 

2. That if two straight lines are parallel and a 
third line meets them, the alternate ^s so 
formed are equal. (Prop. XXIX.) 

3. That if the alternate ^s, formed when two 
straight lines are met by a third, are equal, 
those two straight lines will be paralleL (Ptop. 
XXVII.) 

Suppose C D and A B to be two equal and parallel 
sti'aiglit lines, and let the correspond- 
ing extremities G and A and D and B 
be joined by the straight lines GA 
andDB. 

It has to be proved that the lines 
G A and D B are equal and parallel. 
Join by a straight line either pair of extremities of 
the equal and parallel straight lines, which do not 
correspond, as, for example, G and B. 
We have thus formed two As, G D B and BAG. 
In these As the side G D is equal to the side B A. 
(This we know to start with.) 
The side G B is common to the two As. 
Also the ^s D G B and G B A are equal, because 
they are the alternate ^s formed by the parallel 
straight lines G D and A B when met by a third lino, 
OB. 

Thus the two As G I) B and BAG have two sides 
of the one (namely D G and G B) equal respectively 
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to two sides of the other (namely A B and B C), and 
the included ^ D C B of the one equal to the included 
^ A B C of the other. 

Consequently (according to the fourth proposition), 
these triangles are also equal in every other respect. 

Among these respects are : — 

1. That the side B D is equal to the side A C. (This 
is one part of the proposition to be proved.) 

2. That the ^ D B is equal to the ^ ACB. 
Now D B and ACB are the alternate ^s formed 

by the two straight lines A C and B D when met by a 
third line, C B. 

Hence, since these alternate /_s are equal, the Hnes 
A C and B D are parallel. (Prop. XXVII.) 

It has thus been shown that the lines A and B D 
are both equal and parallel. 



PBOPOSITION XXXTV. 

The opposite sides and angles of a paral- 
lelogram are equal to each other, and a 
parallelograin is bisected (that is, divided 
into two equal parts) by each of its 
diagonals. 

To prove this proposition we must know, — 

1. That if equals be added to equals the sums are 
equal. (Ax. II.) 

2. That if two ^s have two sides and the Z. 
between them in the one, equal respectively 
to two sides and the ^ between them in the 
other, those As are also equal in every other 
respect. (Prop. IV.) 

3. That if two ^s have two ^s of the one equal 
respectively to two ^s of the other, and a 
side of the first ^ equal to a side of the 
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second, /ninilarly plaoed with lespoot %o the 
equal ^a, those ^8 are also equal in ^verj 
other respect. (Flrop. XXYI.) 
I. That if two lines are parallel and a third line 
meets them, the alternate ^8 so formed are 
equal (Prop. X XT X.) 

Let A B D G be a parallelograxn, that is, suppose 
it to be a four-sided figure, whose 
^ ^ opposite sides are parallel, and let A D 

be one of its diagonals. 

We have to proye that the opposite 
sides are equal: — namely, the side 
A B to the side G D, and the side A G 
to the side B I> : and also that tbe 
opposite ^s are equal, namely, the ^ ABD to the 
^ ACD, and the ^ GAB to the ^ BDO and 
that the parallelogram is divided into two equal 
parts by its diagonal A D. 

Proof, Because A B and G D are parallel, and the 
line A D meets them, it follows that the alternate ^s 
80 formed, namely, BAD and A D G, are equal. 
(Prop. XXIX.) 

Because A G and B D are parallel and the line A D 
meets them, it follows (Prop. XXIX.) that the alter- 
nate ^s so- formed, namely, GAD and ADB, are 
equal. 

Hence, the two ^s ABD and GDA haye the 
two ^ s B A D and B D A of the one equal respectively 
to the two ^8 A D G and G A D of the other, and the 
side A D common to the two As and similarly placed 
with respect to the equal ^s. 

It follows, therefore (Prop. XXVI.), that these As 
are also equal in every other respect. That is to say, 
the j/ ABD is equal to the ^ A G D ; the side A B 
to the side G D, the side B D to the side A G, and the 
area of the one A to the area of the other. 
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Moreoyer, since it was shown that ihe two parts 
BAD and CAD of the ^ B AG are equal respectively 
to the two parts, ADOandBD A, of the ^^ BDO, if 
the one pair of equal ^s be added to the other ihe 
sums will be equal ; that is to say, the Z. B A C is 
equal to the Z. BDO. 

It has thus been shown that in the parallelogram 
A B D C the opposite sides are equal — ^namely, A B to 
CD, and AO to BD; and that the opposite ^s are 
equal, namely, the ^ A B D to the ^ A D, and the 
Z BAG to the ^ BD G; and that the diagonal AD 
divides the parallelogram into two As which are 
equal in area. 



PKOPOBITIOIT XXXV. 

Parallelograms upon the same base and 
between the same parallels are equal to 
one another. 

For the proof of this proposition we require to 
know, — 

1. That if two straight lines are parallel and are 
intersected by a third straight line, the exterior 
Z 80 formed is eqnal to the interior and opposite 
Z on the same side of the interseoting line. 
(Prop. XXIX.) 

2. That if two ^s have two ^s of the one equal 
to two ^s of the other, each to each, and like- 
wise a side of the first equal to a side of the 
second, similarly placed with respect to the 
equal ^s, those /is will also be equal in every 
o^er respecft. (Prop. XXVl.) 

3. That if equal magnitudes be taken from the 
same magnitude, the magnitude remaining in 
the one case will be equal to the magnitude 
Temainiog in the other. (Ax. III.) 
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(The following demonstration is applicable to any one 
of the three fign^res given, which indicate the different 
positions which the parallelogframs may occupy with 
relation to each other, with this exception, that in applying 
the demonstration to the first figure, wherever the letter E 
occurs, the letter D must be substituted for it. The second 
and third figures had better be employed first in going 
through the proposition. The peculiarity of the first 
figure is that the points D and E coincide.) 

DT CD BFOBDP 




Let A B D C, and A B F E be two parallelograms 
upon the same base, A B, and between the same 
parallels, A B and C E. It has to be shown that they 
are equal in area. 

To demonstrate this it is shown: 1st. That the Ab 
A E and DBF are equal in area. 2nd. That the re- 
mainder left, when the A C A E is taken from the 
trapezium C A B F, is equal to the remainder left when 
the A B D F is taken away from the same figure. 

Since the straight lines CA and DB are parallel 
and the straight line C F intersects them, the exterior 
^ F D B is equal to the interior and opposite ^ on 
the same side of the intersecting line, namely, EGA. 
(Prop. XXIX.) 

Again, since the straight lines AE and BE are 
parallel, and the straight line C F intersects them, the 
exterior ^ CE A is equal to the interior and opposite 
^ on the same side of the intersecting line — ^namely, 
DFB. 

And because C A B D is a parallelogram, its opposite 
sides A and B D are equal. 

Hence it appears that the two As C A E and DBF 
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have two ^s of the one (namely AGE and AE C) 
equal respectively to two ^s of the other (namely 
BDF and BED), and a side of the one (viz. AC) 
equal to a side of the other similarly placed with re- 
spect to the equal ^s (namely B D). 

These As are therefore equal in every other respect; 
and, among these respects, in area. 

Now if the A C A E be taken away from the figure 
A B P 0, we have left the parallelogram A B E E ; and 
if the A D B F be taken away from the same figore 
A B F 0, we have left the parallelogram A B D 0. 

But since the As are equal in area, the remainder in 
the first case must be equal to the remainder in the 
second. That is to say, the parallelogram A B F E is 
equal in area to the parallelogram A B D C. 

Let this propositioii next be gone throngh with the 
figoies drawn in an inverted position, and then with the 
use of different letters. 

The altitude of a parallelogram is the length of a perpen- 
dictdar drawn from the base on which it stands to the oppo- 
site side, or the opposite side produced. 

It follows from the 28th proposition that perpendiculars 
to the same right line are parallel — the two interior angles 
being together equal to two right ^s. 

It foUows accordingly from the 33rd proposition that if 
two perpendiculars to the same right line are of equal 
length, the line joining their extremities is parallel to the 
line on which they stand. 

It also follows from the 34th proposition that all perpen- 
diculars drawn between two parallel straight lines are of 
the same length. 

Hence it appears that if two parallelograms are between 
the same parallels, they may also be described as having 
the same altitude. And vice versdf that if two parallelo- 
grams have their bases in the same straight line, and have 
the same altitude, they may also be described as being 
between the same parallels. 
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FBOFOBITION 

FaraUelograxns upon equal bases and be- 
tween the same parallels (or haying the 
same altitude) are equal to one another. 

^or the oonstmction ia this propoBition we musfc 
be able to join two given points by a straight 
line. 
For the demonstration of the proposition we mnst 
hnoWy — 

1. That the opposite sides of paraUelograms are 
eqnaL (Prop. XXXTV.) 

2. That the lines joining the corresponding ex- 
tremities of equal and parallel straight lines are 
ibemselyes equal and paj»llel. (Plrop. XXXIII.) 

3. That parallelograms ux>on the same base and 
between the same parallds are equal. (Prop. 
XXXV.) 

4. That things that are equal to the same are 
equal to each other. (Ax. L) 

Let ABOD and EFGH be two parallelograms 

upon equal bases (AB and 
P EF), and between the same 
parallels. It has to be shown 
tiiat they are equal to each other 
in area. Join the points A and 
H by the straight line A H« and 
the points B and G by the straight line B G. 

We thus get a quadrilateral figure A B G H, wiuch 
it is easy to show is a parallelogram. For^ since the 
figore E F G H is a parallelognun, the c^posite sides 
£ F and G H are equal, 
Now E F is by h3rpotiie8is equal to A B. 
Therefore A B is also equal to £ G. 
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Moreover, ihe linee DG and A F are aiqppoBed to be 
parallel to start with. 

Conseqiiently, the lines A B and H G are both equal 
and parallel. 

It follows, therefore (according to -the 3Srd proposi- 
tion), that the lines A H and B G, which join their 
corresponding extremities, are also parallel; so that 
the figure A B G H is a parallelogram. 

Now the parallelQgrams A B C D and A B G H are 
upon the same base, A B, and between the same paral- 
lels, A B and D G. They are therefore equal in area. 
{Friyp. XXXV.) 

Again, the parallelograms HGBA, jmd H^FE 
are upon the same base, H G, and between the same 
parallels, H G and A F. They are therefore equal in 
area. <Prop. XXXV.) 

But things that are equal to the same are equal to 
each other. (Ax. I.) 

Hence the parallelograms A B G D and E F G H, 
being each equal to the parallelogiani ABGH, Are 
equal to each ^ther* 



FBOFOSITIOir XXXVU. 

Triangles upon the same base and between 
the same parallels are equal to each other. 

For the conetraction in this proposition we must 
be ableto draw a straight line from a given 
point, so as to be parallel to a given straight 
Une. (Prop. XXXI.) 

To prove the proposition by the aid of the con* 
struotion we mast know, — 

1. That a parallelogram is divided into two equal 
parts by either of its diagonals. (Prop. 
XXXIV.) 
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2. That parallelograms upon the same base and 
between the same parallels are equal. (Prop. 
XXXV.) 

3. That the halves of equals are equal. (Ax. VTII.) 

Let ABC and ABD be two ^s upon the same 

base, A B, and between the 
same parallels, AB and 
EF. It has to be shown 
that they are equal in 
area. 

From the point A draw 
a line A£, parallel to the 
side B C of the A A B 0, and meeting the line E F in 
the point E. 

From the point B draw a line, B F, parallel to the 
side A D, of the A A B D, and meeting the line E F 
in the point F.* 
We thus get two parallelograms, ABOE and 

• It will answer the purpose just as well, if from the 
point A a line be drawn parallel to the line B D, and from 
the point B a line parallel to the line A C. All that we 
have to attend to is, that the line drawn from the point A 
be parallel to a side of one of the As, and that the line 
drawn from the point B be a parallel to a. side of the 
other A* 

It would also do equally well if from the point A two 
Unes were drawn, one parallel to a side of one A> and the 
other parallel to a side of the other. Or, in like manner, 
two lines might be drawn from B, one parallel to a side of 
one A» the other parallel to a side of the other. The sides 
to which the lines are to be drawn parallel are of course 
those which do not terminate in the point from which the 
said lines are drawn. All these varieties of construction 
effect the same object, viz., to get two parallelograms upon 
the same base, of which one is the double of one of the As 
and the other of the other. 
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A B F D, upon the same base, A B, and between the 
same parallels, A B and E F. 

These parallelograms, (according to the 3oth pro- 
position,) will be equal. 

But the parallelogram A B G E is the double of the 
A A B 0, being divided into two equal parts, of which 
the A ABO is one, by its diagonal AC; and the 
parallelogram A B F D is the double of the A A B D, 
being divided into two equal parte, of which the A 
A B D is one, by its diagonal, B D. (Prop. XXXIV.) 

Consequently, as the halves of equals are equal, the 
A A B is equal to the A A B D.* 



PBOPOSITION XXXVIII. 

Triangles upon equal bases and between 
the same parallels are equal. 

For the construction in this proposition we must 
be able to draw a straight line from a given 
point so as to be parallel to a given straight 
line. (Prop. XXXI.) 

To prove the proposition by the aid of the con- 
struction we must know, — 

1. That parallelograms upon equal bases and 
between the same parallels are equal. (Prop. 
XXXVI.) 

2. That a parallelogram is divided into two equal 
parts by either of its diagonals. (Prop. XXXV.) 

3. That the halves of equals are equal. (Ax. 
VIII.) 

♦ That is, in area. They have not been shown to bo 
equal in any other respects. Beginners often confound the 
being equal in area with the being equal in every respect. 



B7Z 
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LotAB-D and B FH be two As upon equal bases 

n n n ii ^^ ^"^^ ^^> "^ between 

the- same parallel», AF and 
D G. It hsMi to be sluywn 
tiiat thej^ are equal in^area* 
From, either extnemity of 
" AB (as B) draw a line (BC) 

parallel tb that side of l&e A ABD wbioL does not ter- 
minate in B, and meeting the line DG la the point G. 
From ^ther extremity of £ F (as F) draw a line 
(F G) parallel tothat side of . tiie^ A £ F H whiok does 
not terminate in F. 

We thus get two parallelograms, A B D and 
£ F G H, which, being upon equal bases and between 
the same parallels, are equal. (Prop. XXXYI.) 

Now the parallelogram A B C D is the double of the 
A A B D, being divided into two equal parts, of which 
the A AB D is one, by its diagonal B D. 

Also the parallelogram £ F G H is the double of the 
A £ F H, being divided into two equal parts, of which 
the A £ F H i» one, by its diagonal F H. 

Consequently, since tijie halves of equals are equal, 
the A A B D is equal (in area) to the A £ F H. 



PBOPOSITIOXr XTTXTy. 

If two triangles which are equal in area 
be upon the same base and upon the same 
side of it, the right line which joins their 
vertices will be parallel to the base upon 
which they stand.* 

* This proposition is generally stated thus: — ** Equal 
As upon the same base, and upon the same side of it, are 
between the same parallels." The meaning' of this is just 
what is stated above* but is less obvious to the beginner. 
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For the condtraotum in this propositioiL we muat 

be able to join two given points by^ a steaig^t 

line. 
ForpioTing the proposition bj the aid of the oon- 

straotion, we mnst know, — 
That ^8 i^pon the same base and between *the 

same poraUela are eqnaL 

E 





Thft proof of this propositioii is of the indirect kind. 

Let ABO and A B D be two As of equal area, upon 
the same base» A B, and upon, the same side of it. It 
has ta be proved that the line G D, whidx joins their 
yertices,. is parallel to the. base, A B. 

Froof, If the line G D be not parallel to the base 
A B, some other line, drawn through G, must be 
parallel to the baae. 

Suppose the line G E could be parallel to the base, 
and suppose G E ta meet the side A D, or the aide A D 
produced, in the point E. 

Join the points E and B by the straight line E B. 
We should then haye two As, A G B and A E B, upon 
the some base, A B, and between the same parallels, 
ABandGE. 

It would follow, therefore, that these As would be 
equal to one another. (Prop. XXXV.) 

But we know, to start with, that the A ABG is 
equal to the A A B D ; therefore the A A B E would 
be equal to the A A B D. 

Now this is an impossibility, for the one A is only a 
part of the other ; consequently, the supposition that 
leads to this impossibility must be itself impossible. 
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That is to say, it is impossible that the line C E should 
be parallel to A B. 

In a similar manner it may be snown that no line 
drawn from the point can be parallel to the base 
A B, if it does not coincide with the line C D. 

Therefore, as there must be a line, drawn in some 
direction from G, that is parallel to A B, the line C D 
mnst be that line. 



PBOPOSITION XIi. 

If two equal triangles stand upon equal 
bases, which are in the same straight line, 
the straight line joining the vertices of the 
triangles will be parallel to the bases.* 

For the proof of this proposition we must be able 
to join two given points by a straight line ; and 
must know that As upon equal bases and be^ 
tween the same parallels are equal. (Prop. 
XXXVIII.) 

Let ABO and G E F be two As of equal area, and 
standing upon equal bases A B and G- E, which are in 
the same straight line. It has to be shown that the 

D 

T C 





line C F, which joins their vertices, is parallel to the 
line of the bases A B and Q £. 



♦ This proposition is usually stated thus: — Equal As 
upon equal bases in the same straight line are between 
the same parallels. 
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Proof, If the line F be not parallel to the bases 
A B and G- E, some other line drawn through must 
be parallel to A E. 

Suppose that the line C D could be parallel to A E, 
and suppose G D to meet the side Qc F, or the side G F 
produced in D. 

Join the points D and E by the right line D E. 

We should then have two As* ABO and G E D, 
upon equal bases and between the same parallels. 

It would follow that these ^s must be equal in 
area. (Prop. XXXVIII.) 

Now since the A A B is equal in area to the A 
G E F, it would follow that the AGED would also 
be equal to the A G E F. 

But this is impossible, because the one A is only a 
part of the other. 

The supposition which leads to this impossibility must 
be itself impossible. That is to say, it is impossible 
that the line G D, which does not coincide in direction 
with G F, can be parallel to A E. 

In the same way it may be proved that no other line 
which does not coincide with GF can be parallel to A E. 

Therefore, as there must be a line drawn in some 
direction from that is parallel to A E, the line G F, 
which joins the vertices of the As, must be that line. 



PBOPOSITION XLI. 

If a parallelogram and a triangle be upon 
the same base and between the same 
parallels (or have the same altitude), the 
parallelogram is the double of the triangle. 

For the constmctioii in this proposition we must 
be able to draw a straight line from one given 
point to another. (Post. I.) 

I 
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For the proof of the proposition we must know, — • 

1. That if two As he upon the flame hase and 
between the same parallels, thej are equal. 
(Prop. XXXVII.) 

2. That a parallelogram is bisected by either of its 
diagonals. (Prop. XXXIV.) 

3. That if a magnitude be the double of one of 
two equal magnitudes, it is also the double of 
the other (consequence of the 7th axiom). 

Let A B G D and A B E be a parallelogram and a A 

upon the same base, and 
between the same parallels. 
It has to be shown that the 
parallelogram is the double 

of the A. 

Draw one of the diago- 
nals of the parallelogTam, 
as, e.flr., DB. 
The As A B D and A B E are upon the same base 
and between the same parallels. 

It follows (from the 37th proposition) that they are 
equal to each other (in area). 

But the parallelogram A B D ifl the double of the 
AABD. / 

Therefore, it is also the double of the A A BE, 
which is equal to the AABD. 




PBOPOSITION Xlill. 

To describe a parallelogram that shall be 
equal to a given triangle, and have one of 
its angles equal to a given rectilineal angle. 

For the constmotion necessary in this proposition 

we must be able, — 
1. To join two given points by a straight line. 

(Post. I.) 
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2. To bifleot a given straight line. 

3. Through a given point to draw a straight line 
parallel to a given straight line. (Prop. 'y^^'^^T ) 

4. From a given point in a given straight line to 
draw a straight line making with the given 
straight line an /^ equal to a given rectilineal 
^. (Prop. XXIII.) 

To prove the proposition by the aid of the con- 
struction we must knoWf — 

1. That As upon equal bases and between the 
same parallels (or having the same altitude), are 
equal. (Prop. XL.) 

2. That if a parallelogram and a A be upon the 
same base, and between the same parallels, the 
parallelogram is the double of the A. (Prop. 
XLI.) 

3. That doubles of the same magnitude are equal 
to each other. (Ax. VII.) 

« 

Let A B be the giyen A* and D E F the given 
rectilineal ^. 

We haye to describe a 
parallelogram which shall 
be equal in area to the A 
ABO, and have an ^ 
equal to the given ^,DEF. ^ ^ 

Bisect the line A B in the point G. 

Through the point draw a straight line, C H K, 
parallel to the line A B. 

From the point G draw a straight line, making with 
the line A B an ^ equal to the ^ D E F. 

Let this line meet the line C H K in the point H. 

Through B draw a straight line parallel to the line 
G H, and meeting the line H produced in the point K. 

G B K H is the parallelogram required. 

Proof, Join the points C and G by the straight line 
CG. 
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The parallelogram G B K H and the A Gr B C are 
upon the same base, Q- B, and between the pame 
parallels, therefore the parallelogram G B K H is 
double the A G B C. 

But the As A G C and G B C are upon equal bases, 
A G and G B (for A B was bisected at the point G), 
and have the same altitude. Therefore they are equal 
to one another, and each is the half of the A A B C. 
Or, in other words, the A ABO is double the A 
GBO. 

But the parallelogram G B K H is also double the 
A GBO. 

Therefore, the parallelogram G B K H is equal to 
the A ABO. 

Moreover, the parallelogram G B K H was con- 
structed with an ^ equal to the given ^ , D E F. 

Oonsequently, G B K H is the parallelogram, re- 
quired. 

It will do equally well if the parallelogram required 
be constructed on the base A G instead of G B. 



If we take any point in the diagonsd of a parallelogram 
(as, e.g., the point E* in the diagonal D B of the paral- 
lelogram A BCD), and through it draw lines parallel 
respectively to the sides of the parallelogram (as HK 
and EG), it is obvious that the whole parallelogram is 
divided into four smaller parallelograms. Those two 
through which the diagonal of the whole parallelogram 
passes (forming their diagonals) are called parallelograms 
about the diagonal of the whole parallelogram. The two 
other parallelograms, which, together with the paral- 
lelograms about the diagonal, fill up the whole paral- 
lelogram, are called the eomplementa of the parallelograms 
about the diagonal, 

* See the diagram in the next proposition. 
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PBOPOSITION XIiIII. 

The complements of any two paral- 
lelograms which about the diagonal of a 
parallelogram are equal to each other. 

For proving this proposition we must know, — 

1. That a parallelogram is bisected by either of 
its diagonals. (Prop. XXXIV.) 

2. That if equals be added to equals, the sums are 
equal. (Ax. II.) 

3. That if equals be taken from equals, the 
remainders are equal. (Ax. III.) 

Let A BCD be a parallelogram. Let DB be 
its diagonal, and KEFD and 
E G B H two parallelograms 
about the diagonal D B. It has 
to be shown that the parallel- 
ograms KEGA and EHCF 
(which are the complements of 
the parallellograms about the 
diagonal) are equal to each 
other. 

Proof. The As D C B and DAB are equal to each 
other, being the two parts into which the parallel- 
ogram A B C D is divided by its diagonal D B. 

Again, Ihe As D F E and D K E are equal to each 
other, being the parts into which the parallelogram 
D F E K is divided by its diagonal, D E ; and, for 
a similar reason, the As EHB and EGB are equal 
to each other. 

It follows, therefore, that the sum of the As D F E 
and EHB, is equal to the sum of the As D K E and 
EGB. 

And if these equal sums be taken away from the 




118 THE FIRST BOOK OF EUCLID 

equal As BOB and DAB, the remainders will be 
equal, that is to say, the parallelogram F CHE is 
equal to the parallelogram K A Q E. 



PBOPOSITION XLIV. 

To construct a parallelogram which shall 
have a given straight line for one of its 
sides,* which shall have an angle equal to 
a given rectilineal angle, and which shall be 
equal in area to a given triangle. 

For the oonatructlon in this proposition we must 
be able, — 

1. To join two given points by a straight line. 
(Post. I.) 

2. To produce a straight line to any length. 
(Post. II.) 

3. Through a given point to draw a straight line 
parallel to a given straight line. (Prop. XXXI.) 

4. To construct a parallelogram equal in etrea to 
a given A» and having an ^ equal to a given 
rectilineal ^. (Prop. XLIII.) 

6. We are also supposed to be able to move a 
given figure from one position to any other 
that may be required. (See § 9, p. 8.) 

To prove that the construction effects what is 
required, we must know, — 

1. That if two parallel straight linefi are inter- 
sected by a third, the two interior ^s are 
together equal to two right ^s. (Prop. XXIX.) 

2. That if two straight lines are cut by a third, 
and the two interior ^s so formed are together 
less than two right ^s, those two straight lines 
will meet if produced. (Ax. XIII.) 

* This first condition is usually expressed thus : — To a 
given straight line to apply a parallelogram which, &c. 
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3. That if two straiglit lines oat one another, the 
vertioally opposite ^s are equal. (Prop. 3[V.) 

4. That the complements of the parall^ograms 
about the diagonal of a paraUdogram are 
equaL (Ftop. XLIIL) 





Let P T be the given straight line, ABC the given 
A I and D the given /_, We have to construct a 
parallelogram which shall have P T for one of its 
sides, which shall have an /_ equal to the ^ D, and 
which shall be equal in area to the A A B C. 

Construct a parallelogram, AF DE, equal to the 
A A B C, and having an ^ equal to the ^ D. 

Let this parallelogram be removed to the position 
A P D E, so as to have one of its sides, A P, in the 
same straight line with T P, and the ^ A P D (equal 
to the given /_ D) at the point P. 

Produce the side E D, and through the point T draw 
a straight line, T L, parallel to A E, and meeting E D 
produced in the point L. 

Join the points L and P by the straight line L P. 

Produce the lines E A and L P. These lines, when 
produced, will meet ; for since L T is parallel to E A, 
the ^s AEL and ELT are together equal to two 
right ^s. (Prop. XXIX.) 

Consequently, the ^s AEL and ELP are less 
than two right ^s, and therefore the lines E A and 
L P will meet when produced. (Ax. XIII.) 

Let them meet in the point M. Through the point 
M draw the line M 0, parallel to A T or E L. 
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Produce the line D P to meet M iii the point N, 
and the line L T to meet the line M in the point O. 

By this construction we get a parallelogram, E L O M, 
subdivided into four other parallelograms, two of which 
are about the diagonal L M, and the other two are the 
complements of these. 

PTON is the parallelogram required. For, I. It 
has P T for one of its sides. 2. The vertically opposite 
^s, APD and NPT, formed by the intersection of 
the straight lines D N and A T, are equal. (Prop. 
XV. But the Z A P D is equal to the ^ D. There- 
fore the Z N P T is equal to the ^ D. 

3. The parallelogram PTON is equal to the A 
ABC. 

For, since PTON and A P D E are the comple- 
ments of the parallelograms about the diagonal L M 
in the parallelogram E L O M, they are equal. (Prop. 
XLIII.) 

But the parallelogram A P D E was made equal to 
the A ABC. 

Therefore the parallelogram PTON is also equal 
to the A ABC. 

In the construction employed in this proposition it is 
perfectly indifferent which side of the parallelogram 
AFDE be placed so as to be in the same straight line 
with the given line P T ; nor does it matter at which end 
of the line P T it be placed, if the following directions be 
attended to : — 

Place one of the sides of the parallelogram, A F D E, so 
• as to be in the same straight line with P T. Produce the 
opposite side of the parallelogram in the direction of the 
line FT. Through that extremity of the line P T at 
which the parallelogram AFDE was not placed, draw 
a line parallel to either of those sides of the parallelo- 
gram which are not in the same straight line as PT, 
or parallel to it, so as to meet that side of the 
parallelogram which was produced. Draw that diagonal 
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of the parallelogram thus formed^ which when produced will 
pass through that extremity of the line P T, at which the 
parallelogram A F D E was placed. Produce this diagonal 
to meet a produced side of the first parallelogram. The 
mode of completing the fig^ure will then be obvious. The 
following are some of the various constructions that will 
result. 




PBOPOSITION XIiV. 

To describe a parallelogram equal to a 
given rectilineal figure, and having an angle 
equal to a given rectilineal angle. 

For the construction in this proposition we must 
be able, — 

1. To join two given points by a straight line. 
(Post. I.) 

2. To describe a parallelogram equal to a given 
2^, and having an /^ equal to a given recti- 
lineal /_, (Prop. XLIII.) 

3. To construct a parallelogram which shall have 
a given line for one of its sides, which shall 
have an ^ equal to a given rectilineal ^, and 
which shall be equal in area to a given A* 
(Prop. XLIV.) 
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To prove that the oonstmction aocompliBhes what 
is required, we must know, — 

1. That things that are equal to the same are 
equal to each other. (Ax. I.) 

2. That if equals be added to equals the sums are 
equaL (Ax. II.) 

3. That if two straight lines meet a third at the 
same point, but on opposite sides of it, and the 
two adjacent ^s so formed are together equal 
to two right ^s, those two straight lines lie in 
one and the same straight line. (Prop. XIV.) 

4. That if two parallel straight lines be inter- 
sected by a third straight line, the two interior 
/jA are together equal to two right ^s. (Prop. 
XXIX.) 

5. That if two straight lines are both parallel to 
the same straight line, they are parallel to each 
other. (Prop. XXX.) 




Let A B C D E be the given rectilineal figure, and F 
the given ^ . We have to construct a parallelogram 
equal in area to the figure ABODE, and having an 
^ equal to the /_ F. 

Divide the rectilineal figure ABODE into As by 
joining the points A and by the straight line A 0, 
and the points A and D by the straight line AD.* 

Oonstruct a parallelogram equal in area to one of 

* It does not matter how the figure A B ODE is divided 
into triangles, nor into how many it is divided. 
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these As (say the A ABO), and haying an ^ equal 
to the given Z. » F. (Prop. XLTTT.) 

Let G H K L be the parallelogram so oonstruoted, in 
which the ^ G is equal to the given ^ P. 

Construct a parallelogram H M N K, having the line 
H K for one of its sides, having an ^ equal to the 
given ^ F, and equal in area to the A A D ; and 
let it be so placed that the ^ equal to the given 
^ , F, may be adjacent to the ^ K H G in the parallelo- 
gram GHKL, which is not equal to the /_ F.* 
(Prop. XLIV.) 

Construct a parallelogram M P N, having the line 
MN for one of its sides, having an ^ equal to the 
given Z. ^s a^<^ equal in area to the A A D E ; and 
let it be so placed that the Z. equal to the given Z. » F, 
may be adjacent to the ^ N M H in the parallelogram 
H M N K, which is not equal to the given Z. F* 

The figure L G P will be the parallelogram 
required. 

To show this, it is necessary to prove : 1. That it is a 
parallelogram. 2. That it is equal in area to the figure 
ABODE. 

First, then, to prove that it is a parallelogram. For this 
purpose the first thing that we have to show is, that the 
lines L K, K N, and N P form one continued straight line, 
and also that the lines GH, H M, and M O, form one con- 
tinued straight line. 

This is shown as follows : — 

Since G L and H K are parallel (being, by construc- 
tion, opposite sides of a parallelogram), and G H crosses 
them, the interior ^s L G H and G H K are together 
equal to two right ^s. (Prop. XXIX.) 

* This may always be accomplished by one or other of 
the various constructions by which the problem proposed 
in Prop. XLIV. may be solved. 
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But the Z_ K H M is by construction equal to the 
^ F, and is therefore also equal to the ^ LGH, 
which was likewise constructed equal to the Z. ^» 

Therefore the sum of the ^s KHM and KHG is 
equal to the sum of the ^s L G H and KHG. 

But the sum of the ^s L GH and K H G is equal 
to two right ^s. 

Therefore the sum of the ^s KHM and KHG is 
also equal to two right /_ s. 

We have therefore two right lines, G H and M H, 
meeting a third right line, K H, at the same point H, 
and on opposite sides of the line K H, and the two 
adjacent ^s so formed are together equal to two right 

It follows (according to the 14th proposition), that 
the lines G H and H M form one continued right line. 

In a similar manner it may be shown that the ^ s 
N M O and N M H are together equal to the sum of the 
^s KHM and NMH, and are therefore together 
equal to two right ^s, and consequently that the 
lines H M and M form one continued right line. 

Next, to show that the lines LK, KN, and NP 
form one continued straight line. 

Since the opposite ^s of parallelograms are equal, 
itfoUows that the ^sLKH, K N M, andNPOare 
equal respectively to the ^s L G H, KHM, and 
N M 0, each of which was made equal to the angle F. 

Consequently the ^s L K H, K N M, and N P O are 
each equal to the /_ F; and therefore are equal to 
each other. 

Now, because P and N M are parallel and N P 
meets them, the interior ^^s N P and PNM are 
together equal to two right ^s. 

But the Z. KN M is equal to the ^ N P 0. 

Therefore the sum of the ^s K N M and P N M ia 
equal to the sum of the ^s N P and PNM. 
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But the sum of the ^s N P and P N M is equal to 
two right ^s. 

Therefore the sum of the ^ s K N M and P N M is 
also equal to two right ^s. 

We have therefore two right lines K N and P N, 
meeting a third right line at the same point N, and on 
opposite sides of the line N M, and making the two 
adjacent ^s together equal to two right ^s. 

It follows (according to the 14th proposition), that 
the lines K N and P N form one continued right line. 

In the same way it may be shown that the lines L K 
and K N form one continued right line. 

And since L K is parallel to Q H, the whole lines 
L P and Q- O are parallel. 

Moreover, since K H is parallel to L Or, and N M is 
parallel to K H, it follows that N M is parallel to L G. 

And since N M is parallel to L G, and P is parallel 
to N M, it follows that P is parallel to L G. 

The figure L P G is therefore a parallelogram 
that is, a quadrilateral figure whose opposite sides 
are parallel). 

It remains to show that it is equal in area to the 
figureABODE. 

This is evident. For since the three parallelograms, 
of which the whole parallelogram G PL is composed, 
were made equal respectively to the three As into 
which the figure ABODE was divided, it follows that 
the whole parallelogram L is equal to the whole 
figure ABODE. 

PBOPOSITION XliVI. 

To describe a square upon a given straight 
line. 

For the construction necessary, we must be able, — 
1. From the greater of two given straight lines to 
cut off a part equal to the less. (Prop. III.) 
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2. From a given point in a given straight line to 
draw a perpendicular to that line. (Prop. XI.) 

3. Through a given point to draw a straight line 
which shall he parallel to a given straight line. 

To prove that the construction effects what is re- 
quired we must know, — 

1. That things which are equal to the same are 
equal to each other. (Ax. I.) 

2. That the opposite sides and Z.% of a parallelo- 
gram are equal. (Prop. XXXIV.) 

Let A B be the giyen straight line. 
It is required to construct upon it a 
four-sided figure which shall have all 
its sides equal, and all its ^s right 

From the point A draw the line 
A£ at right ^s to A B, and cut off 
from it a part A G, equal to A B. 

Through the point G draw a straight 
line G D parallel to A B. 
Through B draw a straight line parallel to A G, and 
meeting the line G D in the point D. 

A B D G is the figure required. For it is obvious 
from the mode in which it was described, that it is a 
parallelogram. Gonsequently, its opposite sides and 
^8 are equal. That is to say, the side G D is equal 
to the side A B, and the side D B to the side A G ; the 
^ G D B to the Z G A B, and the Z A G D to the ^ 
ABD. 

Hence, since A B and A G are equal to each other, 
it follows that all the four sides are equal to each 
other. 

Again, since the ^ G D B is equal to the ^ G A B, 

and G A B is a right ^ , the ^1 G D B is also a right ^. 

And since G D and A B are parallel, and G A inter- 
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sects them, the two interior ^s D C A and CAB are 
together equal to two right ^s. 

But A B is a light ^. Therefore A C D is also 
a right ^ . 

Therefore, also, the ^ A B D is a right ^, since it 
is equal to the ^ A D. 

It has thus been shown that A B D C is a four-sided 
figure, which has all its sides equal, and all its ^s 
right ^s. 



PBOPOSITIOW xiivn. 

If squares be described upon the three 
sides of a right-angled triangle, the square 
which is described upon the hypotenuse 
(or side subtending the right angle) is equal 
to the sum of the squares described on the 
sides which contain the right angle. 

For the oonstruotion employed in this proposition 
we mnst be able, — 

1. To join two given points by a straight line. 
(Post. 1.) 

2. From a given point to draw a straight line 
which shall be parallel to a given straight line. 
(Prop. XXXI.) 

3. On a g^ven straight line to describe a square. 
(Prop. XL VI.) 

To prove the proposition by the aid of the con- 
stmotion we mnst know, — 

1. That if equals be added to equals, the sums 
are equal. (Ax. II.) 

2. That if two straight lines meet a third at the 
same point, but on opposite sides of the right 
line, and make the two adjacent ^s together 
equal to two right ^s, those two right lines 
form one oontiaued right line. (Prop. XIV.) 
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3. That if two ^s have two Bides and the ^ 
between them, in the one, equal respectively to 
two sides and the /_ between them in the other, 
those As are also equal in every other respect. 
(Prop. IV.) 

4. That if a parallelogram and a ^ be upon the 
same base and between the same parallels, the 
parallelogram is double the A- (Prop. XLI.) 

Let A C B be a A in which the ^ A C B^is a 
G aright Z_, 

On the three sides 
of this A describe the 
squares A D E B, 
I AOGFandBIHC. 
We have to prove 
that the square A D E B 
is equal to the sum of 
the other two squares 
AOGFandBIHC. 
From ,the point 
draw the line M 
parallel to A D (or 
B E), and meeting the line in D E in the point M, 
and cutting A B in the point L. 

Join the points F and B by the straight line F B ; 
and D by the straight line D ; and E by the 
straight line E ; and A and I by the straight 
line A I. . 

The mode in which the proposition is proved is, to show 
that the square ACG-F is equal to the parallelogram 
ALMD, and the square CBIH to the parallelogram 
LBEM; so that the sum of the two squares will be 
equal to the sum of the two rectangles, t.^., to the square 
ABED. 

To prove that the square A G G F is equal to the 
parallelogram ALMD, it is shown — 1, that the square 
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ACGM is doable of the A FAB; 2, that the 
parallelogram A L M D ia double of the ^"D AG; 3, that 
these As a^^ equal to one another ; 4, that their doubles 
are also equal In a similar manner it is proved, 6, that 
the square B C H I is double of the A A B I ; 6, that the 
parallelogram L B E M is double of the A ^ C B ; 7, that 
the Ab a B I and E C B are equal to one another ; and 8, 
that their doubles are also equal to one another. 

1. The square A G F is double of the A F A B. 
Since Q- A is an Z. of a square, it is a right ^ : 

the ^ A B is also a right ^ . Consequently, we 
have two straight lines, G and B 0, meeting a third, 
A C, at the same point C, and on opposite sides, and 
making the two adjacent ^s GCA and BOA together 
equal to two right ^s. 

It follows (according to the 14th proposition), that 
the two lines G C and B form one continued straight 
line. And since the opposite sides of a square are 
parallel, the line G B is parallel to the line F A.* 

Hence it appears that the square (or parallelogram) 
ACGF and the A FAB are upon the same base, 
F A ; and between the same parallels, G B and F A. 

Therefore the square A C G F is double the A 
FAB. 

2. The parallelogram D M L A is double the A 
DAG; for M was drawn parallel to A D, and con- 
sequently the parallelogram A D M L and the A 
CAD are upon the same base, A D ; and between 
the same parallels, A D and C M. 

* Beginners are very apt to omit or misunderstand this 
part of the proof. They are prone to look upon it as a 
part of the eonstrttetion that G C B is made one continued 
straight Une, and to forget that it is made up of two 
separate lines, which must be proved to be one continued 
right line, before we are entitled to affirm that the whole 
of GC B is parallel to FA. 
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Therefore the paraUelogram A D M L is double the 
A DAC. 

3. The A FAB is equal to the A DAO. 

For the lines F A and A are equal, being sides of 
the same square. The lines A B and A D are also 
equal, being sides of the same square. Moreoyer, 
since each of the /j& F A C and D A B is an ^ of a 
square, they are right /ja^ and therefore equal to one 
another. Add to each of them the ^^ AB; and the 
8umofthe^8FA0and0AB(t.c.,the 2i:FAB)will 
be equal to l^e sum of the ^s D A B and CAB (i.e., 
the^ DAC). 

Hence the two sides F A and A B and the ^ F A B 
in the A F A B, are equal respectively to the two 
sides OAandAD and the ^ CAD in the A CAD. 

Consequently (according to the 4th proposition), 
these two As are equal in every respect : and among 
others, in area. 

4. Since the doubles of equals are equal (Ax. VII.), 
the square F A C G (which is double the A F A B) is 
equal to the parallelogram A L M D (which is double 
the A CAD). 

We have next to show that the square C B I H is 
equal to the parallelogram L B E M. 

The proof of this part of the demonstration is of the 
same kind as that of the other. 

The /_ H C B is a right ^, being an ^ of a square. 

The Z_ A C B is also a right ^. 

Therefore, since the two lines A C and H C meet 
the line B C at the same point and on opposite sides, 
and make the adjacent ^s together equal to two right 
^s, those two lines lie in one and the same straight 
line (Prop. XIY.) ; and HA is parallel to B I. 

Hence it appears that the square B I H C and the 
A B I A are upon the same base and between the 
same parallels. 



EXPLAINED TO BEOINNERS. 131 

Therefore the square B C H I is double the A 
BIA. 

Again, the parallelogram L B E M and the A £ B 
are upon the same base, B E ; and between the same 
parallels, B E and M. Consequently, the paral- 
lelogram L B E M is double of the Zi EBG. 

But the ^B ABI and E BO are equal to one 
another. 

For the lines B I and B G are equal, being sides of 
the same square. 

Similarly, the lines B E and B A are equal, being 
sides of the same square. And since the ^s B I 
and ABE are both right ^s, and therefore equal to 
one another, if the ^ OB A be added to both, the 
sums are equal. That is to say, the ^ A B I is equal 
to the z E B 0. 

Hence it appears, that the sides A B and B I, and 
the included ^ A B I in the one A) are equal re- 
spectively to the sides E B and B 0, and the included 
^ E B in the other A. 

Therefore, the A A B I is equal to the A E B 0. 

(Prop, rv.) 

And since the doubles of equals are equal, it 
follows, that the square B I H is equal to the 
parallelogram L B E M. 

But if ^uals be added to equals, the sums are 
equal (Ax. II.) 

Therefore the sum of the squares A C G- F and 
BO HI is equal to the sum of the parallelograms 
A L M D and L B E M ; that is, to the whole square 
ABED. 
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FBOFOSITION XLVIII. 

If the square described upon one of the 
sides of a triangle bo equal to the sum of 
the squares described upon the other two 
sides, the angle contained by these two 
sides is a right angle. 

For the confitmction employed in this proposition 
we must be able, — 

1. To join two given points by a straight line. 
(Post. I.) 

2. From a given point in a given right line to 
draw a right line perpendicular to that line. 
(Prop. II.) 

To prove the proposition bj the aid of the con- 
struction we must know, — 

1. That if the same be added to equals, the sums 
are equal. (Ax. II.) 

2. That things that are equal to the same are 
equal to each other. (Ax. I.) 

3. That if one ^ of a A be a right ^, the square 
on the side which subtends the right /_ is equal 
to the sum of the squares on the sides which 
contain the right Z- CProp. XLVII.) 

4. That if two As have the three sides of the one 
equal respectively to the three sides of the 
other, those As ai^ also equal in every other 
respect. (Prop. VIII). 

Let A B be a A» such, that, when 
squares are described upon the 
three sides of it, the square de- 
scribed on the side A B is equal to 
the sum of the squares described on 
the sides A C and B. 

It has to be shown that the ^ 
AG Bis aright ^. 
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From the point C draw a right line perpendicular to 
the line B, and from it cut off a part D, equal 
to A.* 

Join the points D and B by the right line D B. 

Because the lines G A and C D are equal, the squares 
on them are equal. 

If to each of these squares we add the square on C B, 
the sum of the squares on A and G B will be equal 
to the sum of the squares on D G and G B. 

But since B G D is a right ^ , the square on the 
side B D in the A B G D is equal to the sum of the 
squares on the sides B G and G D. 

Therefore the square on the side B D is also equal to 
the sum of the squares on A G and G B. 

But we know, to start with, that the square on A B 
is equal to the sum of the squares on AG and G B. 

Therefore the square on A B is equal to the square 
onDB. 

Gonsequently, the line A B must be equal to the line 
DB. 

Hence, the three sides A G, G B« and B A in the A 
A G B, are equal respectiyely to the three sides D G, 
GB, and B D in the A D GB. 

It follows therefore (according to the 8th proposition) 
that these As are also equal in every other respect. 

Among these respects is, that the ^ A G B is equal 
to the 2: I> B. 

But D G B is a right /_ ^1 construction). 

Therefore the ^ A G B is also a right ^. 

* It would do eqnaUy weU if a line were drawn perpen- 
dioolar to G A, and a part cut off, equal to B. 
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DEFmrnoNS. 

1. A rectangle is a parallelogram, the angles of 
whicli are right angles. 

To show that a parallelogram is a rectangle, it is enough 
to show that one ^ is a right /_ ; because the /_ opposite 
to this must be equal to it (I. 34), and any two of the /% 
which are not opposite must be together equal to two right 
^8. (I. 29.) 

2. A rectangle is said to be contained by any two of 
its sides which form one of its ^s, or (in other words) 
a rectangle is said to be contained by any two con- 
terminous sides. It is also described as the rectangle 
under two conterminous sides. Thus 

the rectangle A B C D is said to be 
contained by A B and BO, by B C 
and OD, by AB and. AD, or by 
A D and DO; or is described as the 
rectangle under AB and BO, &c. 
A rectangle is also said to be contained by two right 
lines which are respectively equal to two of its con- 
terminous sides. 

3. A square is a rectangle whose conterminous sides 
are equal. 
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4. In any parallelogram either of the parallelograms 
about the diagonal, taken together with the two com- 
plements, forms a figure which is called a gnomon. 

In what follows the abbreviation red. is frequently used 
for the word rectangle^ and the symbol Q for the word 
square. Thus "rect. A B, B C," means " the rectangle con- 
tained by A B and B ;" " Q on A B" means " the square 
on AB." Of course, "rects." means "rectangles," and 
" n^" means " squares." 

A rectangle is often named by means of two letters stand- 
ing at opposite ^s. Thus the rectangle given in p. 134 
may be named as " the rectangle A C," or " the rectangle 
D B." If lines are named by single letters, " rect. P, Q" 
means " the rectangle contained by the lines P and Q." 

The operations of addition and subtraction are as appli- 
cable to magnitudes as to numbers. Two lines or two 
areas may be added together, or one may be taken from 
another. Consequently, the signs +» — » and =: may be 
used with relation to magnitudes, as well as with relation 
to numbers. If A and B are two magnitudes (lines, or 
angles, or areas), A -)- B denotes their sum, A — B de- 
notes what is left when B has been taken from A. Such 
an equation asA 4'^ = ^+^ + ^ means that the 
sum of the two magnitudes, A and B, is equal to the sum 
of the three magnitudes, A, B, and C. But multiplication 
is a purely arithmetical operation : to speak of multiplying a 
line by a line is absolutely meaningless. Consequently, 
the signs x and -i- cannot be used to connect symbols 
which denote magnitudes. It is utterly wrong and mis- 
leading to denote the rectangle contained by two lines, 
A B and D by the symbols A B x CD. For a similar 
reason, it is objectionable to speak of "the square o/* the line 
A B," because the expression " square of" is used with 
reference to numbers. The " square o/five" is the product 
of 5 multiplied by 5. It is the more important to adhere 
to these distinctions, because (as will be shown further on), 
there is a very real and dose connection between a rectangle 
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and a product wMoh can neyer be properly understood if 
the two are oonf onnded from the beginning. The reaaon- 
ing in seyeral of the propositions in the Second Book of 
Euclid are rendered much more intelligible by the use of 
the signs +» — f i^^ =• They will accordingly be 
oocasionally employed. 



PBOPOSITIOM" I, 

If there are two straight lines one of whioh 
is divided into any number of parts, the 
rectangle contained by the two straight lines 
is equal* to the stun of the rectangles con- 
tained by the undivided line and the several 
parts of the divided line. 

For the construction made use of in this proposi- 
tion we are supposed to be able : — 

1. Through a given point in a given straight line 
to draw a line at right angles to the given line. 
(I. 11.) 

2. From a given, right line to cut off a part equal 
to another given right line. (I. 3.) 

3. Through a given point to draw a right line 
parallel to a given right line. (I. 31.) 

We are also supposed to know that : 

1. Magfnitudes which are equal to the same are 
equal to each other. (Ax. I.) 

2. If a right line intersect two parallel right lines, 
the exterior angle is equal to the interior opposite 
angle on the same side of the intersecting line. 
(I. 29.) 

3. The opposite sides of a parallelogram are equal 
to each other. (L 34.) 

* By equal is of course meant equal in area. 
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Let A and B C be two straight lines, of which B 

is divided into the parts BD, 
DE, and EC. We have to 
show that the rectangle under 
A and B G is equal to the sum 
of the rectangles, contained by 
A and BD, A and DE, and 
A and E 0. 
From the point B draw B F at 
right angles to B G. 

From BF cut off BQ- equal to A. Through the 
point Qt draw G- H parallel to B C. 

Through the points D, E, and G draw D K, E L, and 
G H parallel to B G-, and meeting the line G- H in the 
points K, L, and H. 

Since the parallel lines B Or and D K are intersected 
by the right line B G, the ^ K D E is equal to the 
/^ G B G, and is therefore a right ^ . 
For a similar reason the ^ L E G is a right ^- 
Therefore (Def. 1), the parallelograms BH, BK, 
D L, and E H are all rectangles. 

Now it is self-evident that the rectangle BH is 

equal to the sum of the rectangles B K, D L, and E H. 

But the rectangle B H is the rect. under A and B G; 

for i<- is contained by B G and B G^ and B G is equal 

to A. 

The rectangle B K is the rectangle contained by A 
and B D, for it is contained by B G and B D, and B G 
is equal to A. 

The rectangle D L is the rectangle contained by A 
and D E, for it is contained by D K and D E, and I) K 
is equal to B G, which is equal to A. 

Also the rectangle E H is the rectangle under A and 
E G, for it is contained by EL and E G, and E L is 
equal to B G, which is equal to A^ 
Therefore the reotangle contained by the Hues A and 
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B G is equal to the Bum of the rectangles contamed by 
the undivided line (A) and the several parts (BD, 
DE, and EG) of the divided line (B G). 

The begfinner moflt carefully observe that the giat of the 
proof does not oonsist in showing that the rectangle B H is 
eqnal to the sum of the rectangles B K, D L, and £ H, 
because that is self-evident ; but in showing that the rect- 
angles B H, B £1, D L, and E H answer to the description of 
t/iem given in the enunciation. 



PBOFOSITIOn^ n. 

If a straight line be divided into any two 
parts, the square on the whole line is equal 
to the smn of the rectangles contained by the 
whole and each of the parts. 

For the construction employed in this proposition 
we must be able : — 

1. On a given straight line to describe a square. 
(I. 46.) 

2. Through a given point to draw a straight line 
parallel to a given straight line. (I. 31.) 

I 

Let A B be a right line divided into two parts at the 
point 0. We have to show that the Q on A B is 
equal to the sum of reot. A B, A C and rect. A B, B C. 

On A B describe the D A E. Through 
G draw G F parallel to A D, and meet- 
ing D E in the point F. 

It is self-evident that the O A E is 
equal to the sum of the rectangles AF 
andOE. 

But the D A E is the Q on AB. 
The rectangle AF is the rectangle contained by 
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A B and A C, for it is contained by AD and A 0, and 
A D and A B are equal, being sides of the same O • 

The reot. E is the rectangle contained by A B and 
B C, for it is contained by B E and B 0, and B E is equal 
toAB. 

Consequently the D on A B is equal to the sum of 
the rectangles contained by the whole line (A B), and 
each of the parts (A G and C B) into which it is 
divided. 

Here again tbe beginner must obserye that the main 
point in the above proof is, to show that the Q A E, and the 
reotangles A F and G E answer to the description of them 
given in the enunciation. We need no proof to show that 
the Q A E is equal to the sum of the rects. A F and G E. 

If in Prop. I. the two lines A and B G were of the same 
length, and B G were divided into two parts, it is obvious 
that the second proposition might be considered as only a 
particular case of the first ; for the reot. under A and B 
would then be the same as the Q on B G, and the two 
reots. under A and the parts of the divided line would be 
the same as the rectangles under the whole Une B G and 
each of its parts. 



PBOPOSITION III. 

If a right line be divided into any two 
parts, the rectangle contained by the whole 
line and one of tbe parts is equal to the 
square on that part together with the rect- 
angle oontalned by the two parts. 

The propositions required for the construction em- 
ployed in this proposition are the same as in the 
first and second propositions. 

Let A B be a right line divided into two parts at G. 
We have to prove that the rect. A B, A is equal 
to the D on A together with the rect. AG, OB. 
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On AC describe the Q ADFC. 
Produce D E, and through the point 
B draw B E, parallel to A D, and 
meeting D F produced in the point 
E. 

It is self-eyident that the rect. A E is equal to the 
sum of the Q A F and the rect. E. 

But A E is the rectangle contained by A B and AC, 
for it IB contained by AB and AD, and A D and A C 
are equal, being sides of the same O* 

A F is the D on A 0. 

E is the rectangle contained by A C and C B, for 
it is contained by F and B, and F G and A are 
equal, being sides of the same Q. 

Consequently the rectangle under the whole line 
(A B) and one part (A C) is equal to the square on 
that part, together with the rectangle contained by 
the two parts (A C and OB.) 

Here again the gist of the proof consistB in showing 
that the rectangle A E, and its parts A F and C E answer 
to the description given of them in the enunciation. 



[The following proposition is made nse of in several suc- 
ceeding propositions.] 

FBOFOSITIOB- A. 

The parallelograms about the diagonal* of a 
square, are themselves squares. 

For the proof of this proposition we must know 

the following, — 
1. Magnitudes that are equal to the same are 

equal to each other. 

* That is parallelograms whose diagonals are parts of 
the diagonal of the square. See Book I., Prop. 43. 
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2. The angles at the hase of an lAOsoeles triangle 
are equal. (I. 6.) 

3. If two angles of a triangle are equal, the sides 
opposite those angles are also equaL (I. 6.) 

4. If a right line intersect two parallel right lines, 
the external angle is equal to the internal 
opposite angle on the same side of the inter- 
seoting line, and the two internal angles on the 
same side are together equal to two right 
angles. (I. 29.) 

6, The opposite sides and angles of a parallelo- 
gram are equal. (I. 34.) 

^ ^ Let A BOD be a n» and AO one 
of its diagonals. Through a point K 

v\ 5K Iq in AC the lines HG and EF are 

drawn parallel respectively to A B and 
AD. HE and F Q- are parallelograms 
about the diagonal of the square. We 
have to prove that they are themselves squares. 

First take the parallelogi*am H E. Because D 
and H G are parallel and A G intersects them, there- 
fore the ^ HKA isequal to the ^ DOA. But the lines 
A D and D are equal because they are sides of the 
same D ; therefore the ^ D A is equal to the ^ 
DOA. 

Consequently the ^ HAK (t.e., DAC) and the 
^ HKA are equal to each other, for they are both 
equal to the ^ D C A. 

It follows, therefore (according to I. 6), that the 
line HA is equal to the line H K. 

But H E is a parallelogram ; therefore its opposite 
sides are equal. Consequently H A and K E are equal, 
and H K and A E are equak Therefore H E is equi- 
lateral, that is, has all its sides equal. 
Moreover the ^ s H A E and H K E are opposite ^s 
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of a parallelogram, and are therefore equal, and 
HAE ifl a right ^, therefore HKE is a right ^. 
Also since A B and H Q- are parallel and A H intersects 
them, the ^s H A E and A H K are together equal to 
two right ^s; and since HAE is a right ^, AHK 
must be a right ^ , and the ^ K E A, which is opposite 
and equal to the ^ A H K, must also be a right /_ . 

We have thus shown that the parallelogram H E 
has all its sides equal, and all its angles right angles ; 
therefore it is a square. 

In a similar way it may be shown that the parallelo- 
gram F G is a square. 

The preceding proposition is usaally incorporated in the 
proof of the Fourth Proposition. 



PBOFOSITION IV. 

If a right line be divided into any two parts, 
the square on the whole line is equal to the 
stun of the squares on the parts together with 
twice the rectangle under the parts. 

For the construction employed in this proposition 
we must be able, — 

1. To join two points by a right line. (Post. L) 

2. On a given straight line to describe a square. 
(I. 46.) 

3. Through a given point to draw a line parallel 
to a given straight line. (I. 31.) 

For the proof of the proposition we must know,- - 

1. That the parallelograms about the diagonal of 
a square are themselves squares. (Prop. A.) 

2. That the opposite sides of a parallelogram are 
equal. (I. 34.) 

Let A B be a straight line diyided into two parts 
at C. 
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On AB describe the Q ABDE. 
Draw the diagonal A D. 

Through draw C F parallel to A E 
or BD, intersecting AD in G and 
meeting E D in E. 

Through Or draw K G H parallel to 
ABorED. 

It is self-eyident that the whole O A D is equal to 
the sum of the four rectangles K G, G B, E G and F H, 
for they are parts into which it is divided. 

But KO and F H are Qs (Prop. A.), and KG is the 
O on A G, andF H is the O on G B, for it is the D on 
GH which is equal to G B. (I. 34.) 

E G is the rectangle contained by A G and G B, for 
it IB contained by K G, which is equal to A G (I. 34} 
and F G, which is equal to F D, which is equal to G B. 
(L 34.) 

G B is also the rectangle contained by A G and G B, 
for it is contained by G G and G B, and G G and A 
are equalHbecause they are sides of the same square. 

Gonsequently EG and GB are together equal to 
twice the rectangle* contained by A G and G B. 

We have thus shown that the Q on the whole line 
(AB) is equal to the sum of the Qs on the two parts 
(A G and G B) together with twice the rectangle under 
the two parts. 

The beginner will observe that the stress of the proof 
does not consist in showing that the whole figure A D is 

• It would do equally well to point out that the rect- 
angles E G and Or B are equal, being complements of the 
parallelograms K G and F H about the diagonal, and that 
G B is the rectangle contained by A G and G B ; so that 
E G and G B together are equal to twice the rectangle 
contained by A G and G B. 
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equal to the earn of the parts into which it is divided, for 
that is self-eyident, bat in showing that the whole fig^ore 
and its parts answer to the description given of them in the 
enunciation. 



PBOPOSITION V. 

If a right line be divided into two equal 
parts, and also into two unequal parts, the 
rectangle contained by the unequal parts, 
together with the square on the line between 
the points of section, is equAl to the square 
on half the line. 

For the oonstraction employed we must be able — 

1. On a given straight line to describe a square. 
(I. 46.) 

2. Through a given point to draw a line parallel 
to a given right line. (I. 31.) 

We must also know, — 

1. That if equals are added to equals, the sums 
are equal. (Ax. II.) 

2. That the opx>osite sides of a parallelogram are 
equal. (I. 34.) 

3. That the parallelograms about the diagonal of 
a square are themselves squares. (Prop. A.) 

4. That the complements of the parallelograms 
about the diagonal of a parallelogram are equal. 
(I. 43.) 

5. That parallelograms upon equal bases and 
between the same parallels are equal. (I. 36.) 

Let the line A B be divided into 
two equal parts in 0, and into two 
unequal parts in D. 

We have to prove that rect. A D, 
D B, together with the Q on C D, 
is equal to the Q on B. 
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On C B describe the Q B E F. Draw tlie diagonal 
FB.* 

Through D draw the right line D Q- parallel to F 
or B E, intersecting F B in H, and F E in G. 

Through H dr&w L K parallel to B A, and through 
A draw A K parallel to C F or B E, and meeting K L 
in the point K. 

1. Because A G and G B are equal, A O and G L are 
pai'allelograms standing on equal bases and between 
the same parallels ; therefore the rectangle A is 
equal to the rectangle G L. 

2. The rectangles G H and H E are equal, because 
they are the complements of the parallelograms G 
and D L, which are about the diagonal F B. 

3. If the equal rectangles G H and H E be added 
respectively to the equal rectangles A and G L, the 
sums will be equal ; that is to say, the rectangle A H 
(which is the sum of A O and G H) will be equal to 
the gnomon G L G (which is the sum of G L and G L). 

4. If to each of these equals the D G be added, 
the sums will be equal ; that is to say, the sum of 
the rect. A H and the O G will be equal to the sum 
of the gnomon G L G and the Q O G. 

5. But A H is the rectangle contained by A D and 
D B, for it is contained by A D and D H, and D H and 
D B are equal, being sides of the same O l a^^d O G 
is the O on G D, for it is the O on K which is equal 
to G D. (I. 34.) 

6. Therefore the rect. A D, D B together with the 
Q on G D is equal to the gnomon G L G together with 
the D G. 

* Let the beginner take particular notice that the 
diagonal needed is the one which is drawn to the extr$mity 
ci the line A B. The diagonal C E would not do. 

L 
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7. But the gnomon C L Q- together with the Q O O 
is equal to the DOE, which is the O o^ ^ ^' 

Therefore the rectangle under the unequal parts, 
A D and D B, together with the Q on D, the part 
between the points of section, is equal to the O on B, 
which is half the line A B. 

The steps of this proof may be easily indicated by 
the use of the following equations, which express what 
is stated in the preceding paragraphs which bear the 
same numbers : — 

1. Eect. AO = rect. CL. 

2. Eect. OH = rect. HE. 

3. Therefore rect. A O -f rect. H = rect. L + 
rect. H E, or rect. A H = gnomon L G. 

4. Add to both the D G, then rect. AH + Q 
0G = gnomon OLG + D OG. 

6. But A H = rect A D, D B, and G = D on 
CD. 

6. Therefore rect. AD, DB + noiiCD= gnomon 
OLG+DOG. 
. 7. But gnomon CLG + Q O G = Q on CB. 

8. Therefore rect. AD, DB + DonODssDon 
CB. 

If A G and C D be regarded a» two separate lines, it is 
clear that AD is the sum of the two, and D B the differ- 
ence between them, for D B is what is left when C D is 
taken from C B, and C B is equal to A C. Therefore A H 
is the rectangle under the sum and the difference of the 
two lines A and CD. O G is the O en the smaller of 
the two lines ; and C E is the O on the larger, for it is the 
O on C B, which is equal to A C. 

Consequently what is proved in this proposition may be 
thus stated : " The rectangle contained by the sum and the 
diffisrence of two nnequal lines, together with the O on 
the smaller, is equal to the O on the larger;*' or thus: 
** The difference between the Qs on two unequal lines (as 
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A aud C D) is equal to the rectangle contained by their 
sum and their difference.*" This is incomparably the 
most useful form in which the proposition can be stated. 



PKOPOSITIOM" VI. 

If a right line be bisected and produced 
to any lengch, the rectangle under the whole 
line thus produced and the produced part, 
tojgether with the square on half the line, is 
equal to the square on the line made up of 
the half line and the produced part. 

The propositions required for the construction and proof 
in this proposition are the same as in the last. 

Let A B be a right line bisected 
in C, and producjed to D. We 
have to prove that the rect. A D, 
D B, together with the Q on C B, 
is equal to the Q on C D. 

On C D describe the Q D E F. 
Draw the diagonal F D (see the note on the last 
proposition.) 

Through B draw B G parallel to C F or D E, cutting 
FI) in H and F E in G. 

Through H draw KHM parallel to AD, and 
through A draw A M parallel to D E, and meeting 
K M in the point M. 

1. The rectangles A L and C H are on equal bases 
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* The beginner will remember that the difference be- 
tween two magnitudes is what is added to the smaller to 
make a quantity equal to the larger ; and the rectangle 
A H is added to the Q G to make a quantity equal to 
the D C E. 
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(A G and B) and between the same pai'allels, there- 
fore they are equal to each other. 

2. The rectangles C H and H E are the complements 
of the parallelograms L G and B K, which are about the 
diagonal F D ; therefore they are equal to each other. 

3. It follows therefore that the rect. A L is equal 
to the rect. H E. 

4. If to each of these equal rectangles we add the 
rect. C K, the sums will be equal, that is, the rect. 
A K will be equal to the gnomon G K G. 

5. If now to each of these equals we add the Q I^ G, 
the rect. A K together with the Q L G will be equal 
to the gnomon G K G together with the Q L G, that is, 
to the whole D CE. ' 

6. But A K is the rectangle contained by A D and 
D B, for it is contained by A D and D K, and D K and 
D B are equal, being sides of the same square. 

7. L G is the Q on G B, for it is the D oi^ 'L'H., 
and L H is equal to G B (I. 34) ; and G E is the Q 
onGD. 

8. We have thus shown that the rectangle con- 
tained by the whole produced line (A D) and the ptirt 
produced (B D), together with the Q on half the line 
(G B), is equal to the Q on G D, which is the line made 
up of the half G B and the produced part B D. 

The steps of the preceding proof are exhibited in the 
following equations : — 

1. Eect. AL = rect. G H. 

2. Eect. GH = rect. HE. 

3. Therefore rect. A L = rect. H E. 

4. Add rect. G K to both, then 

Eect. AL 4- rect. GK=rect. HE-j-reot. GK 
Or rect. A K =: gnomon G K G. 
o. Add to both the QhOt, then 
Eect. AK -t- D L G = gnomon GKG + D L G. 
or rect. AK+DLG = DCE. 
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6. But rect. A K = rect. AD, D B, and 

7. D I^O=D onOB, andDOEis a onOD. 

8. Therefore rect. AD, DB + Q on OB = D on 
CD. 

If we regard A C and C D as two separate lines, it is 
clear that A D is their snm, and B D their difference, for 
B D is what is left when OB (or A 0, which is equal to 
C B) is taken from D. OE is the Q on OD, and LG is 
the Q on A 0, for it is the Q on L H, which is equal to 
B which is equal to A 0. The difference between the 
Os E and L G is the gnomon K G, which is equal to 
the rectangle A K. 

Oousequently this proposition may be expressed in ex- 
actly the same form as the last, namely: The difference 
between the Qs on two lines (0 D and A) is the rectangle 
contained by their sum (A D) and their difference (B D.) 

The segments of a right line made by a point in it are 
the distances of the point from the two extremities of the 
line. This definition of segments may be extended to the 
case where the point is not in the line itself, but in the line 
produced; so that in Prop. VI. D A and D B are termed 
segments of the line A B. The fifth and sixth propositions 
may now be combined into one in this way : The rect- 
angle contained by the segments of a line formed by a 
point (either in the line or in the line produced) is the 
difference between the Q on half the line and the Q on the 
distance of the point of section from the middle of the line. 
In the fifth proposition the former of these two Qs is the 
larger, in the sixth, the latter. 



PBOPOSITION VTI. 

If a straight line be divided into any two 
parts, the squares on the whole line and on 
one of the parts are together equal to twice 
the rectangle contained by the whole and 
that part together with the square on the 
other part. 
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The propositioiis required for the oonstmofcion and 
proof in this proposition are the same as in the 
fourth, together with Prop. A (p. 140.) 

Let A B be a straight line divided 
into two parts at the point C. We 
have to show that the O oi^ -^ B 
together with the D oi^ one part (say 
GB) is equal to twice the rect. AB, 
B C together with the Q on A C. 

On AB describe the Q ABDE. 

Draw the diagonal E B. 

Through draw F parallel to A E or B D, inter- 
secting EB in H, and E D in F. 

Through H draw GHK parallel to A B, meeting 
BDinGandAEinK 

1. KF and C G are Qs (Prop. A) : and KF is the 
n on A 0, for it is the Q on K H, and K H is equal 
to AC(I. 34); andOGisthe Q onOB. 

2. It is self-evident that the Q A D is equal to the 
rectangles A G and H D, together with the □ K F. 

3. To each of these equals add the DOG, and the 
Qs A D and C G together will be equal to the sum of 
the D KF, the rect. A G, the rect. HD, and the Q 
CG. 

4. But the rect. H D together with the Q C G is 
equal to the rect. G D. 

6. Therefore the Q A D together with the Q G G is 
equal to the □ K F, the rect. A G and the rect. C D 
taken together. 

6. But the rectangles A H and H D are equal, being 
complements of the parallelograms about the diagonal 
of A D. Therefore the sum of A H and G G (t. e., the 
rectangle A G) is equal to the sum of H D and G G 
{i, e.y the rectangle G D.) 

7. Therefore the sum of A G and G D is the same as 
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twice the rectangle A G, whicli is the rectangle under 
AB and B 0, for BG is equal to B 0. 

8. It follows therefore that the D on A B, together 
with the D on C B is equal to twice the rect. A B, BO, 
together with the Q KF, which is the Q on A 0. 

The beginner must not fail to notice that C G is the 
piece by which the rectangles A G and G D overlax) each 
other. 

The leading steps of the above demonstration may be 
clearly shown by the aid of equations : — 

2. D AD = DKF + rect. AG, + rect. HD. 

3. Add D C G to both sides ; then Q A D + D C G 
= D KF + rect. AG + rect.HD + D CG. 

4. But rect. HD + D CG = rect. CD. 

6. Therefore Q AD + Q CG= Q KF + rect. AG 
+ rect. C D. 

6. Now rect. A H = rect. H D. 

Therefore rect. A H + Q G = rect. HD + Q C G, 
that is, rect. A G = rect. C D. 

7. Therefore rect. A G + rect. C D =: 2" rect. A G, 
or rect. AG + rect. CD = 2*rect. AB,BC. 

8. DAD + DCG=nKF + 2"rect. AG, or Q on 
AB + n on BC = 2* rect. AB, B + D on AC. 

In this proposition again the learner will observe that 
the bulk of the proof consists in showing that the various 
squares and rectangles compared with each other answer 
to the description given of them in the enunciation. 



Prop. Vni. is usually passed over, as it is trouble- 
some and useless. 
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FBOFOSITION IX. 

If a straight line be divided into two equal 
and also into two tineqiial parts^ the squares 
on the two unequal parts are together equal 
to twice the square on half the line together 
with twice the square on the line between 
the points of section. 

In the oonBtraction employed in this proposition 
we mnst be able, — 

1. To join two given points by a straigbt line. 
(Poet. I.) 

2. From the grater of two given straight lines, to 
cut off a part eqnal to the less. 

3. To draw a straight line perpendicular to a 
given straight line from a given point in the 
same. (I. 11-) 

4. Through a given point to draw a straight line 
parallel to a given straight line. (I. 31.) 

To prove the proposition by the aid of the figure 
constructed, we must know, — 

1. That the ^s at the base of an isosceles tri- 
angle are equal. (I. 5.) 

2. That if two ^s of a triangle are equal, the 
sides opposite them are also equal. (I. 6.) 

3. That the three ^s of a triangle are together 
equal to two right /%. (I. 32.) 

4. That if a straight line intersect two parallel 
straight lines, the exterior ^ is equal to the 
interior opposite ^ on the same side of the 
intersecting line, and the two interior ^s on the 
same side are together equal to two right ^s. 
(I. 29.) 

fi. That the opposite sides of a parallelogram are 
equal (I. 34.) 
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6. That in a right-angled triangle the Q on the 
hypotenuse is equal to the sum of the Qs on 
the other two sides. (I. 47.) 

Let A B be a straight line, bisected at C, and divided 
into two unequal parts at D. We 
have to prove that the n o^ AD 
together with the Q on D B is equal 
to twice the Q on A together with 
twice the Q on D. 

From draw E at right ^Is to 
AB, and cut off E equal to A or C B. 

Join A and E, and E and B. 

Through D draw D F parallel to E, and meeting 
E B in the point F. 

Through F draw FQ- parallel to AB, meeting CE 
inG. 

Join A and F. 

The first portion of the proof consists in showing with 
regard to this figure : 

1. That AE F is a right ^. 

2. That AD F is a right ^. 

3. That GE is equal to GF. 

4. That D F is equal to D B. 

1. To prove that A E F is a right ^ : — 

A is equal to E, therefore the Z. C E A is equal 
tothe^OAE. (1.6.) 

The three ^s of the A AOE are together equal 
to two right ^s (L 32) and ACE is a right ^, 
therefore A E and G E A are together equal to one 
right ^. 

Consequently, as the ^s C AE and CEA are equal 
to each other, CEA is half a right ^. 

In a similar way it may be shown that C E B is half 
a right ^ . 

It follows, therefore, that AE B (that is, A E F) is a 
right ^. 



154 THE SECOND BOOK OF EUCLID 

2. To prove that A D F w a right ^ :-— 

The parallels E C and F D are intersected by C D ; 
therefore the two ^s GOD and CDF are together 
equal to two right ^s. G C D is a right ^ , therefore 

FDCisaright Z- 

3. To prove that G E m equal to G F : — 

The straight line E G intersects the parallel straight 
lines GF and CD, therefore the ^^ EGF is equal to 
the ^ GOD. (I. 29.) 

But GCD is a right ^,thereforeEGF is aright^. 

In the A E G F the three ^s are together equal to 
two right Zs; EGFisaright ^, and GEFis half 
a right Z. J consequently, the ^ G F E is half a right 
^ , and is equal to the ^ G E F. 

It follows, therefore (I. 6), that GE is equal to GF. 

4. To prove that D F is equcH to D B : — 

The three ^s of the A E C B are together equal to 
two right ^s; E C B is a right ^, and C E B is half a 
right Z. ; therefore C B E (that is, D B F) is half a 

right Z- 
The straight line CB intersects the parallel lines 

F D and G C ; therefore the ^ F D B is equal to the 

ZGCB. 

But GC B is a right ^, therefore F D B is a right ^. 

The three ^s of the A F D B are together equal to 
tworightZs. (1.32.) FDBisaright Z,andDBF 
is half a right Z > consequently, the Z D F B is half 
a right Z » a-Jid is equal to the Z ^ ^ ^• 

Because the Z DFB is equal to the Z I^BF, 
D F is equal to D B. 

[The remainder of the proof depends upon the fact that 
AF is the hypotenuse of two right-angled As, namely, 
A E F and A D F ; so that the sum of the Qs on A D and 
D F admits of being compared with the sum of the Qs on 
AE and EF. If this point is clearly kept in mind, the 
course of the proof will be easily remembered. It will be 
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proved (5) that the Q on AF ia equal to the sum of the Qs 
onADandDF, or ADand D6; (6) that the D on A F 
being equal to the sum of the Qs on A £ and £ F, is also 
equal to twice the O on A 0, together with twice the Q 
on G D ; whence it follows (7) that the sum of the Qs on 
A D and D B is equal to twice the Q on A C together with 
twice the □ on CD.] 

o. To prove that the n on A¥ is equal to the sum of 
the Qs on AD and D B : — 

A D F is a right ^ , therefore the Q on A F is equal 
to the sum of the Qs on A D and D F. 

But D F is equal to D B, therefore the Q on D F is 
equal to the O on DB. Consequently, the sum of 
the ns on A D and D F is equal to the sum of the Qs 
on A D and D B ; and therefore the Q on A F is 
equal to the sum of the Qs on A D and D B. 

6. To prove that the Q on AY is equal to twice the □ 
on A 0, together with twice the □ on D : — 

The Z AEF is a right ^, therefore in the A AEF 
the D on A F is equal to the sum of the Qs on A E 
andEF. (1.47.) 

But in the A ACE the ^ ACE is a right Z, 
therefore the O on A E is equal to the sum of the Qs 
on A C and C E. 

But AC is equal toCE (by constniction), there- 
fore the n on A C is equal to the Q on C E. Con- 
sequently, the sum of the Qs on A C and C E is equal 
to twice the Q on A C. 

Therefore the Q on A E is equal to twice the Q 
on AC. 

Again, in the A E GF the ^1 E GF is a right ^, 
therefore the Q on E F is equal to the sum of the Qs 
on E G and G F, and therefore to twice the Q on G F, 
because G F is equal to G E. 

But G F and C D are equal, being opposite sides of 
the parallelogram G D (I. 34) ; therefore twice the 
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n on GF is equal to twice the Q on CD; and, 
consequently, the O on E F is equal to twice the O 
on CD. 

It follows, therefore, that the Q on A F is equal to 
twice the Q on A C, together with twice the n on C D. 

7. It has been proved that the Q on A F is equal to 
the sum of the Qs on AD and D B, and also to twice 
the D on A C together with twice the D on C D. 

It follows, therefore, that the sum of the Ds on 
A D and D B is equal to twice the Q on A C together 
with twice the D on C D. 



PBOPOSITION X. 

If a straight line be bisected and produced 
to any point, the square on the whole line 
thuB formed together with the square on 
the produced part, is equal to twice the 
square on half the line together with twice 
the square on the line made up of the half 
and the part produced. 

The propositions required for the constmction and 
proof in this proposition are the same as in the 
last. 

Let A B be a right line 
bisected in C, and produced 
to D. We have to prove that 
the n on AD together with 
the D on D B, is equal to 
twice the n on A C, together 
with twice the n on C D. 

From draw C E perpendicular to A B, and out off 
CEequaltoACorCB. 

Join A and E, and B and E. 
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Through E draw E G parallel to A B, and through 
D draw D Q parallel to E C, meeting E Q- in O. 

Because E G and Q D are parallel and E Ot intersects 
them, the ^s C E G and E G D are together equal to 
two right ^8. (I. 29.) Therefore the ^s B E Gand 
E G D are together less than two right ^s ; and con- 
sequently the lines E B and G D will meet if produced. 
Produce them, and let them meet in the point F. 

Join A and E. 

The proof of this proposition is step for step, and 
almost word for word, the same as that of the last. 
It is proved, — 

1. That the ^ AEF is a right ^. 

2. That AD F is a right Z- 

3. That GE is equal to GF. 

4. That D F is equal to DB. 

5. That the O on A F is equal to the sum of the Qs on 
ADandDB. 

6. That the Q on A F is equal to twice the Q o^ A C, 
together with twice the □ on C D. 

7. Whence it follows, lastly, that the sum of the Qs on 
AD and DB is equal to twice the Q on AC together 
with twice the □ on C D. 

1 . To prove that A E F t8 a right Z. • 

In the A A G E, A and G E are equal, therefore 
the /^ 8 G A E and G E A are equal. And because the 
three ^s of the A AGE are together equal to two 
right ^8, and AGE is a right /_, it follows that 
G A E and G E A are together equal to a right ^ , and 
therefore G E A is half a right /_, 

In a similar manner it may be proved that the ^ 
CEB is half a rights. 

Gonsequently , A E F is a right ^ . 

2. To prove thatAB^ is a right ^ : 

In the parallelogram G G the opposite ^s E G D 
and E G D are equal (I. 34) ; therefore E G D is a 
right Z« 
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The line F G intersects the parallels E Q- and A D, 
therefore the ^1 A D F is equal to the ^ E G F. 
Consequently A D F is a right ^ . 

3. To prove thai G^ is equal to OtF. 

Since E F intersects the parallels E and G F, the 
alternate ^s E F and EF G are equal. But C EF 
is half a right ^ , therefore E F G is half a right ^ . 
And since the three ^s of the ^ EF G are together 
equal to two right ^s, and E G F is a right ^, and 
EFGishalf a right Z, it follows that GEFishalf 
a right ^, and is equal to the ^ G F E. 

Consequently (I. 6) G E is equal to G F. 

4. To prove thai D'F ie equal toDB, 

In the A B D F, the Z B D F is a right ^, D F B 
is half a right ^ , therefore D B F is half a right ^ , 
and is equal to D F B. 

Therefore D F is equal to D B. 

5. To prove that the ^ on A^'E is equal to the sum of 
the Ds on AD an(i DB. 

AD F is a right ^, therefore in the A AD F the 
O on A F is equal to the sum of the Qs on A D and 
DF. 

But D F is equal to D B ; therefore the Q on D F 
is equal to the Q on D B. 

Therefore the O on A F is equal to the sum of the 
Qs on A D and D B. 

6. 7\> prove thai f Ae D on A F is also equal to twice 
the D on A 0, together with twice the D on D. 

In the A AEF, the Z. AEF is a right Z. ; there- 
fore the O on A F is equal to the sum of the Qs on 
AEandEF. 

In the A A E the ^ A C E is a right /_ ; there- 
fore the D on A E is equal to the sum of the Qs on 
A C and C E, and is therefore equal to twice the Q on 
A C, since A C and E are equal. 

Again, in the A EGF, the Z E(3^F is aright ^, 
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therefore the O on E F is equal to the sum of the Qs 
on E G and G E, and is therefore equal to twice the Q 
on EG, since EG is equal to GF. 

But E G and C D are equal, because they are 
opposite sides of the parallelogram C G. Therefore 
twice the D on E G is equal to twice the D on C D. 

It follows therefore that the D on A F is equal to 
twice the D on A C together with twice the D on 
CD. 

7. It has thus been proved that the D on A F is 
equal to the sum of the Ds on A D and D B, and also 
to twice the D on A C, together with twice the D 
on CD. 

It follows therefore that the sum of the Ds on A D 
and D B is equal to twice the D on A C, together with 
twice the D on C D. 



It is an excellent mental exercise to master the elaborate 
proof given by Euclid of the ninth and t«nth propositions ; 
but the result might have been arrived at in a much 
shorter way. The following is one of the proofs that have 
been given, i 

Let A B be bisected in C, and divided unequally in D. 

It has been proved in 

^ ^ — ^-^ the fourth prox>08ition that 

DonAD = nonAC 
+ QonCD + 2"rect. AC,CD. 
ButAC = BC. 

Substitute B C for A C in this equation, and we get, — 
D on AD = DonBC+ DonCD + 2« rect. B C, 
CD. 

Add to both sides the G on D B, then O on A D + O 
on D B = D on B + D on CD + 2« reot. B 0, OD + 
D on D B. 

But 2w rect. BC, CD + Q on DB = D on BC + O 
on CD. (II. 7.) 
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Substitate the seoond side of thia equation for the first in 
the previous equation, and we get, — 

Don AD + DonDB = DonBO + QonCD + Q 
on BC + D on CD ; ».«., Q on AD + Q on D B = 2«« Q 
onBC + 2«D on CD. 
For the 10th proposition, let A B be bisected in C and 

produced to D. 

^ j^ ^— -» D onAD = DonAC + Qon 

CD + 2««rect. AC, CD. 
ButCB = AC. 

Substitute CB for AC in the previous equation, and 
we get, — 

D on AD = D on CB + Q on CD + 2« rect. CB, C D. 

Add the D on D B to both sides, then Q on A D + Q 
onDB = nonCB+ Q on CD + 2«rect. CB, CD + 
QonDB. 

But 2<=« root. CB, CD+ DonDB=nonCD + D 
on C B. (II. 7.) 

Substitute the second side of this equation for the first in 
the previous equation, and we get, — 

Don AD + DonDB = DonCB + QonCD + Q 
onCB + Don CD; ».<?., D on AD + DonDB = 2«« D 
onCB + 2c« Don CD. 



If in Prop. IX. A D and D B be considered as two sepa- 
rate lines, it is clear that A B is their sum, and A C is half 
their sum. C D is what is left when D B is taken from 
CB, therefore it is equal to what would be left if DB 
were taken from AC. Therefore, if A E be cut off from 

AC equal to DB, ED will be 

)^-^ g ^f-^ bisected in C. But ED is the 

difference between AD and AE 
or D B, therefore C D is half the difference between A D 
and D B. It follows, therefore, that the 9th proposition may 
be thus expressed : — ** The sum of the squares on two Knes is 
equal to twice the square on half their sum, together with twice 
the square on half their difference" 
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The very same relation is proved in the 10th proposition. 

Let AD and DB be re- 
garded as separate lines. e~A C B i> 

Let B A be produced, and 

AE cut off equal to B D. It is then evident that ED is 
the sum of A D and D B, and consequently CD is half 
their sum. AB is the difference between AD and DB, 
and therefore A G is half their difference. 



PBOPOSITIOW XL 

To divide a given finite right line so that 
the rectangle contained by the whole line 
and one segment shall be equal to the 
square on the other segment. 

For the construction required we must be able, — 

1. To produce a straight line to any length. 

2. Erom the greater of two given straight lines to 
cut off a part equal to the less. (I. 3.) 

3- To draw a straght line parallel to a given 
straight line. (I. 31.) 

4. On a given straight line to describe a square. 
(L 46.) 

For the proof we must know, — 

1. That if a line be bisected and produced, the 
rectangle contained by the whole line and the 
produced part, together with the Q on half the 
line, is equal to the Q on the line made up of 
the half and the produced part. (II. 6.) 

2. In a right-angled ^, the Q on the hypotenuse 
IB equal to tlie sum of the Qs on the other two 
sides. 

M 
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Let A B be the given line. On A B describe tbe Q 
ABOD. Bisect DA in E, and join 
n g C B and B. 

Produce £ A, and cut off E F equal 
to E B ; and from A B cut off A G, 
eqnal to A F. 
B G is the point of section required. 
Now complete the square AH by 
drawing G H parallel to A F, and 
F H parallel to A G, and produce 
H G to meet D in K. 

DA is bisected in E, and produced to F; con- 
sequently (n. 6), the rect. D F, F A (that is, the rect- 
angle D H), together with the D on E A, is equal to 
the D on E F. 

But E F is equal to E B, therefore the D onEFis 
equal to the D on E B. 

Therefore the rect. DH, together with the D on 
E A, is equal to the D on E B. 

But E A B is a right-angled A , therefore the D on 
E B is equal to the sum of the Ds on E A and A B ; 
and consequently the rect. D H, together with the Q 
on E A, is equal to the sum of the Qs on E A and A B. 
Take away the D on E A from both these equals, 
and we have left the rect. D H equal to the square on 
A B, that is, the square D B. 

From these take away the rect. D G, which is 
common to both, and we have left the D A H, equal 
to the rect. K B. 

But A H is the D on A G, and K B is the rect. A B, 
B G, for it is contained by G B and B G, and B is 
equal to A B. 

Therefore the Hne A B has been divided so that the 
rect. A B, B G is equal to the D on A G. 

A line thus divided is said to be divicLed in extreme 
and mean ratio. 
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It is evident from the ccurBe of the proof that the line 
D F is divided at A so that the rectangle under D F and 
F A is equal to the O on D A. If from A D a part were 
cut off equal to A G, A D would he divided exactly as A B 
is divided. But A D is the larger of the two parts into 
which D F is divided at A, and A F is the smaller. It 
follows, therefore, that if a line he divided in extreme and 
mean ratio, and the smaller segment he measured off upon 
the larger, this larger segment will itself he divided in a 
similar manner. It is clear, also, that this process admits 
of heing continued ad in/tnitum. 



PBOPOSITION XII. 

In an obtuse-angled triangle the square on 
the side subtending the obtuse angle ex- 
ceeds the sum of the squares on the sides 
containing the obtuse angle by twice the 
rectangle contained by either of them and 
the distance between a perpendicular drawn 
to that side produced from the opposite 
angle, and the point of the obtuse angle. 

For the proof, we must know, — 

1. That in a right-angled triangle, the square on 
the hypotenuse is equal to the sum of the 
squares on the other two sides. 

2. That if a line he divided into any two parts, the 
square on the whole line is equal to the sum of 
the squares on the parts, together with twice the 
rectangle contained hy the parts. (II. 4.) 

Let A B C be a A having an obtuse ^ , A B. Let 
BD be drawn perpendicular to AC 
produced. 

We have to prove that the D on 
AB exceeds the sum of the Ds on 
A C and C B by twice the rect. A C, 
CD. 
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Since A D is diyided into two parts at C, the D on 
A D is equal to the sum of the Ds on A G and G D> 
together with twice the rect. AG, CD. (II. 4.) 

To each of these equals add the square on B D. 

Then the D on A D together with the D on B D is 
equal to the sum of the Os on A C, G D, and B D, 
together with twice the rect. AG, G D. 

But the ^ at D is a right ^, therefore the D on A B 
is equal to the sum of the Ds on A D and D B, and 
the D on G B is equal to the sum of the Ds on G D 
and D B. 

It follows, therefore, that the D on A B is equal to 
the sum of the Ds on AG and GB, together with 
twice the rect. AG, G D ; that is, the D on A B 
exceeds the sum of the Ds on A G and G B by twice 
the rect. A G, G D. 



PBOPOSITION XIII. 

In- any triangle the square on the side 
subtending an acute angle is less than the 
sum of the squares on the sides containing 
that angle by twice the rectangle contained 
by either of them and the distance between 
a line drawn perpendicular to this side (or 
its production) firom the opposite angle, and 
the point of ihe acute angle. 

For the proof of this proposition we most know, — 

1. That in a right-angled triangle the square on 
the hypotenuse is equal to the sum of the squares 
on the other two sides. 

2. That if a line be divided into any two parts, the 
sum of the squares on the whole line and one 
part is equal to twice the rectangle contained 
by the whole and that part, together with the 
square on the other part. (II. 7.) 
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Let AB be a A in which the ^ AB is an acute 

c 





angle, and let C D be drawn perpendicular to B A, or 
B A produced. 

We have to prove that the Q on A C is less than the 
sum of the Qs on A B and B by twice the rect. A B, 
BD. 

Since AB (in the first figure) and DB (in the 
second) are divided into two parts, the sum of the Ds 
on A B and B D (in either case) is equal to twice the 
rect. A B, B D, together with the D on A D.* (11. 7.) 

To each of these equals add the D on D ; then the 
sum of the Ds on A B, B D, and C D, is equal to twice 
the rect. A B, B D, together with the Ds on A D and 
DO. 

But since D B is a right angle, the D on C B is 
equal to the sum of the Ds on CD and D B, and the 
D on G A is equal to the sum of the Ds on C D and 
DA. 

Consequently (substituting equals for equals), the 
sum of the Ds on A B and B C is equal to twice the 
rect. A B, B D, together with the D on A ; that is, 
the square on A is less than the sum of the squares 
on C B and A B by twice the rect. A B, B D. 

♦ The beginner will notice that in applying Prop. 7 to 
the second figure it muet be read thus : — " If a Hne be 
divided into two parts, the sum of the Ds on one part and 
the whole is equal to twice the rectangle contained by thnt 
part and the whole, together with the D on the other 
part." 
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If the perpendicular drawn from to 
the opposite side coincide with one side 
(CA) of the A» then it is obvious that 
the D on C A is less than the D on 
C B by the D on A B (I. 47) ; cbnse- 
quently, the D on C A is less than the 
sum of the Ds on A B and B C by twice 

the D on AB, i.e», by twice the rectangle contained 

byABandBA. 




PROPOSITION XIV. 

To describe a square that shall be equal to 
a given rectilineal flgui e. 

For the construction we must be able, — 

1. To produce a given finite right line. (Post. 2.) 

2. To describe a circle with a given point or 
centre, and at a given distance from that centre. 
(Post. III.) 

3. From the greater of two given right lines to 
cut off a part equal to the less. (I. 3.) 

4. To describe a rectangular parallelogram equal 
to a given rectilineal figure. (1. 45.) 

5. To bisect a given finite right line. (1. 10.) 
For the proof we must know (besides the axioms), — 

1. That in a right-angled triangle the square 
on the hypotenuse is equal to the sum of the 
squares on the other two sides. (I. 47.) 

2. That if a line be divided into two equal, and 
also into two unequal parts, the rectangle con- 
tained by the unequal parts together with the 
square on the part between the points of section 
is equal to the square on half the line. (II. 6.) 
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Let A be the given rectilineal figure.* Deaciibe the 
rectangle BD equal 
to A. (I. 45.) 
Produce BO, and 
cut off OF equal 
to CD. BisectBF 
in O, and with O 
as centre, at the 
distance O B or F describe a circle, B G F. 

Produce DO to meet the circle in Q. The D on 
Gt will be the D required. 

Now join O and G. 

Because B F is bisected in O and divided unequally 
in 0, the rect. BO, OF, together with the D on O 0, 
is equal to the D on F, or to the D on G, which 
is equal to F. (II. 5.) 

But since G is a right-angled 2^, the D on G 
is equal to the sum of the Qs on O and G. 

Therefore the rect. BO, OF, together with the □ 
on 0, is equal to the sum of the Ds on O and G. 

Take away the D on from both these equal 
sums, and it follows that the rect. BO, F is equal to 
the D on G. 

But the rect. B 0, F is the same as the rect. B D, 
for OF is equal to OD. 

Therefore the rectangle BD is equal to the D on 
OG. 

But B D is equal to the figure A ; therefore the D 
on G is equal to the figure A. 



* The introdaction of this rectilineal figxire is a perfectly 
needless prooeeding. The proposition is (essentially), '* To 
constmct a square equal to a given rectangle." 
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On the numerical relation between the area of 
rectangles and the length of their sides. 

If A B C D be a rectangle, the sides of which contain 

respectively 4 and 5 times a certain 
unit of length (A £), and the 
sides be divided into 4 and 6 of 
this unit, and lines be drawn 
through the points of division 
parallel to the sides of the rect- 
angle, it is obvious that the whole 
rectangle will be divided into 4 x 5 
equal squares, each of which is the square on A E. 

It will be easily seen that the same relation holds good 
for any other numbers. That is (using algebraical nota- 
tion), if the sides that contain a rectangle are divisible 
exactly into a and b linear units respectively (a and b being 
whole numbers), the rectangle will contain ab times the 
square on that unit. 
The same relation holds good if a and b are fractional 

3 

numbers. Suppose the sides of a rectangle contained r and 

23 

-; of the linear unit. If we divide the unit into 35 equal 

parts, the sides will contain respectively 3 x 5, or 15, and 23 
X 7, or 161 of these sub-units, and the rectangle will contain 
(3 X 5) X (23 X 7), or 15 x 161 times the square on this sub- 
unit. But since it takes 35 x 35 times the square on the 
sub-unit of length to make up the square on the original 

unit, it follows that the rectangle contains „, ^. 

OO X oO 

(i,e^ (^_2^. ^) ^_ (23 X 7) \ ^^^g ^^^ ^^ ^^ ^^^ original 
V (5 X 7) X (5 X 7)/ ° 

(3 X 6) X (23 X 7) 



unit. But 



3 X 23 



Therefore, 



(5 X 7) X (5 X 7) 7x6* 

here ag^in the whole or fractional number of times that 
the rectangle contains the square on the linear unit is 
obtuned by multiplying the fractional number that denotes 
how much of the linear unit is contained in one side, by 
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the fractional number that denotes how much of the linear 
unit is contained in the other side. 

As it is obvious that similar reasoning applies to eyery 
case, it may be stated generally, that if the sides of a rect- 

antrle contain — and — of a certain linear unit, the rect- 
° n q 

angle contains — of the square on the linear unit. Or, 

if a and b (whole or fractional) denote the lengths of two 
sides of a rectangle in terms of some linear unit, ab denotes 
the area of the rectangle in terms of the square on that 
imit. If the sides are equal, and each contains a linear 
units, the area contains a' square units. 

It is sometimes stated loosely that the area of a rectangle 
is the product of the sides that contain it. This, taken 
literally, has no signification whatever. It is absurd to 
talk of multiplying a line by a line. Before any sense can 
be attached to the words, they must be translated into the 
proposition previously stated. The sign x can only be 
placed between symbols that denote numbers. If ever the 
expression AB x G D be employed, AB and C D being two 
lines, it must be understood that, for the purpose in hand* 
A B and C D are numbers^ denoting the number of linear 
units contained in A B and G D respectively. 

The following propositions are obviously true : — " Those 
magnitudes are equal which are represented (in terms of 
the same unit) by equal numbers, or numerical expres- 
sions ;" and the quantity of space denoted by a number is 
independent of the/orm of the space ; m square units make 
the same quantity of space, whatever the way in which they 
are arranged or grouped together. Hence (for example), 
iia + b + e — d'=im (that is, if the final result of the 
operation indicated on the first side be m), the quantity of 
space filled by m square units will be equal to what we get 
if to the space occupied by a square units we add succes- 
sively the spaces occupied by b and e square units, and then 
take away the space occupied by d square units. Thus, if 
= m + fly the area denoted by od is equal to the area 
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denoted hj b {m -h n), because the nnmbers ab and ^ 
(m + n) are equal. But & (m + n) =: dm -h bn, CooBe- 
quently, the quantity of space represented by d (m + n) is 
equal to the quantity of space represented by ^ + bn; and 
therefore the space represented by od is equal to the quan- 
tity represented by bm + bn. But bm denotes the area of 
a rectangle whose sides contain respectively b and m units; 
and bn denotes the area of a rectangle whose sides contain 
respectively b and n units. Hence, the area of a rectangle, 
whose sides contain respectively a and b units, is the same 
as the sum of two rectangles whose sides contain respec- 
tively b and m and b and n linear units, when azzzm + n. 

The application of these principles enables us to exhibit 
the propositions of the Second Book of Euclid in a very 
easy form. 

PROPOSITION I. 

Let two lines, A and B, contain a and b linear units, and 
let b=:m + n + p; that is, let B be divided into parts con- 
taining respectively m, n, and p units. The rect. A, B 
contains ab square units. 

But ab:=za (m + n + p) and a {m + n + p) zn am + 
an + ap ,\ abz=am + an + ap; and therefore the area de- 
noted by ab is equal to that denoted by am + an + ap. 

Now the area denoted by am -h an -\- ap ia the same as 
that of the sum of three rectangles whose sides contain 
respectively a and m, a and n, and a and p linear units. 

Therefore, the rectangle contained by A and B is equal 
to the sum of the rectangles contained by B and the several 
parts of the divided line. 

IVopositions II. and III. may be proved in a similar 
manner. It was shown (p. 139), that they are only particular 
cases of Plrop. I. 

PROPOSITION IV. (See p. 142.) 

Let A B contain a linear tmits, and let a= b -^ e. The 
square on A B contains a^ square units. But sinoe 
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Bat the areas representeti by equal numbers are equal, 
therefore the area denoted by a^ is equal to the area denoted 
by ^ + c* + 2 *c. 

But this area is equal to the area denoted by b^ + the 
area denoted by e^ + the area denoted hj 2 be; that is, to 
the Q on a line oontaining b linear units + the Q on a line 
containing e linear units + twice the rectangle under these 
two lines. Therefore the square on A B is equal to the 
sum of the squares on the two parts of A B, together with 
twice the rectangle under the parts. 



PROPOSITION V. (See p. 144.) 
Let AC or OB contain a linear units, and CD b linear 
units. A D contains a + 3, and D B contains a — b units, 
(a + b) (a — b) =za^ — ^'. Consequently, the space re- 
presented by (a + b) (a — b) is equal to the space repre- 
sented by a* — i'. 

But (a + b) {a — b) represents the area of a rectangle 
whose sides contain respectively a + b and a — b linear 
imits ; a' represents the Q upon a line containing a linear 
imits, b^ the Q upon a line oontaining b linear units. 

Therefore the rectangle contained by the sum and the 
difference of two lines is equal to the difference between the 
squares on the lines. 



PROPOSITION VI. (See p. 147.) 

The only difference between this proposition and the last 
is that b is larger than a, so that we get (b + a) (6 -^ a) = 
^2 — a^. But in this case, as in the last, b + aid the sum 
of the lines, and b — a is their difference. 



PROPOSITION VII. (See p. 149.) 

Let A B contain a Unear units, and BC b of the same. 
A C contains a — b units, (a — d)' = a' 4- 6' — 2 ab .*. 
(a — i)« + 2 a* = a« + *». 
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Sinoe ths3 numerical expression on the first side of the 
equation stands for the same number as the numerical 
expression on the second side, the number of square units 
(or the quantity of space) represented by the first side is 
equal to the number of square units (or the quantity of 
space) represented by the second side. 

{a — b)* represents the O oi^ -^ ^ ; 2 od represents twice 
the reot. AB, BG ; a' + ^ represents the sum of the O" 
on A B and B 0. Therefore Q on AB + Q on BC = 2« 
rect. AB, BC + QonAC. 



PROPOSITION rx. (See p. 152.) 
Let A D contain a, and D B & linear units. A G contains 

^-±-* and CD contains fLzi units. 
2 2 

( a + b y f a — b y^ tfi + b^ + 2 ab gg -f y — 2 g^ 
V2;"^^2;"" 4 4 

. /« + *\* /a — i\« 2«»+24»_a» + 6« 

• • [-T-) +v~2~; = 4 — 

...2(4J)%2(i:^)' = ag... 

The quantity of space denoted (numerically) by the first 
4ide is equal to the quantity denoted (numerically) by the 
second side, a' + b^ denotes the sum of the squares on 
lines containing respectively a and b units, that is, the sum 
of the squares on A D and D B. 

2 

denotes the Q on half the sum of the same lines, 



('4-') 



and ( — A — ) denotes the Q on half their difference. 

Therefore the sum of the Qs on A D and D B is equal to 
twice the Q on A (half their sum), together with twice the 
Q on CD (half their difference). 

Proposition X. may be proved in a similar manner. 



In what precedes it has been assumed that the lines 
dealt with are eommeMurable, that is, admit of being ex- 
pressed exaetlf/ in terms of some common unit. Now it is 
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easy to show that pairs or sets of lines may be ^ound, in 
endless variety, which have no common measur< . so that 
there are no finite numbers whatsoever that will express 
them exactly. But suppose we have two incommensurable 
lines, A and B. By -taking a linear unit sufGloiently small, 
definite numbers a and b can always be found such that the 
lengths which they denote differ from A and B by quantities 
X and Y smaller than any that we choose to name ; and the 
area of the rectangle which contains ab square units differs 
from that contained by A and B by a quantity less than 
any that we choose to name. Consequently, although all 
definite arithmetical calculations respecting such lines and 
the rectangles formed by them are incapable of absolute 
exactness, the error involved in treating the calculations as 
exact may always be made smaller than any quantity that 
we can name. The full discussion of this question, how- 
ever, would take us too far for our present purpose. 

From the relation between the sides of a rectangle and 
its area certain obvious inferences may be drawn. Thus 
if a represent the area of a rectangle and b the length of one 

side, the length of the other side is j^ 

The area of any parallelogram is equal to that of a rect- 
angle having the same base and altitude. 

The area of a triangle is half that of a rectangle having 
the same base and altitude, or to that of a rectangle having 
the same altitude and a base of half the size. 

All rectangles are equal in area when the products of the 
numbers that represent their sides are equal. 
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EXERCISES. 

[The numbers within the brackets indicate that no propo- 
sition is to be used in the Exercise except some one or 
more of those which are so specified.] 

1. A B is a finite right line divided into any two parts at 
C ; D is the middle point of A C ; E the middle point of 
B C. Find the middle point of A B. (I. 1-3.) 

2. ABC is an equilateral ^. D is a point in B C. 
Find a point E in A C, and a point F in A B, such, that if 
these three points be joined, D £ F shall be an equilateral 
triangle. (I. 1-4.) 

3. A B is a diameter of a circle, G is its centre, D is a point 
on the circumference. and D, A and D, and B and D are 
joined. Show that in the ^^ A B D the ^ at D is equal to 
the sum of the ^s at A and B. (I. 1-5.) 

4. In the figure on p. 26, let O be the point where A L 
and F intersect each other. Prove that A O and C O are 
equal, and that if B O be drawn, it bisects the ^ A B G. 
(I. 1-6.) 

5. Gonstmct an isosceles A, having given the base and 
the length of one of the sides. (I. 1-3.) 

6. A B is a finite right line ; G is the middle point of it ; 
GD is a line at right angles to AB. Prove that every 
point* in GD is equidistant from the points A and B. 
(I. 1-4.) 

7. Gonstruct an isosceles ^, the base and the sum of the 
two sides being given. (I. 1-1 1.) 

8. In the A AB C (p. 26), lines AK and CK are drawn 
bisecting the ^s B A G and B. G A, and meeting at K. 
Prove that A K G is an isosceles A* (I* l-^O 

♦ When evert/ point in a line satisfies certain conditions, 
the line is said to be the loetc8 of the point that satisfies 
those conditions. Thus, in this exercise, G D is the locus 
of a point equidistant from A and B. 
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9. A is a point in a given right line ; B is a point out- 
side the line. Find a point in the line equidistant from A 
andB. (1.1-11.) 

10. A B C is an angle ; D is a point situated an3rwhere 
you please. Draw through D a line that shall cut off equal 
ports of A B and B C. (I. 1-11.) 

11. Ziraw the line along which a rectangular leaf must 
be folded in order that the comer may coincide with a 
given point on the page. (I. 1-11.) 

12. A B is a right Une. A linoi G D, is drawn from the 
point in it in any direction. Show that the lines which 
bisect the ^s A G D and D G B are perpendicular to each 
other. (I. 1-13.) 

13. Find a point which is equidistant from the three 
vertical points of a A» (I. 1-12.) 

14. A ray of light, emitted from a given point, A, is 
reflected by the mirror B G. Show where the ray must 
strike the mirror in order to reach another given point, D.* 
(I. 1-16.) 

15. Two isosceles triangles stand on the same base and on 
the same side of it. Prove that the line which joins their 
vertices, when produced, will bisect the base and be at right 
angles to it. (I. 1-8.) 

16. The perpendicular is the shortest line that can be 
drawn from a given point to a given straight line. (1. 1-19.) 

17. Of all the lines that can be drawn from a given 
point to a given straight Une, those which make equal 
angles with the perpendicular are equal to each other, and 
of any other pair of lines that is the shorter which is the 
nearer to the perpendicular. (I. 1-19.) 

18. Having g^ven the segments of the base of a ^ formed 
by a line which bisects the vertical ^, and the difference 
between the other two sides, construct the /^. (I. 1-9.) 

19. A ray of light emitted from a given point is reflected 
by a mirror to another given point. Prove that the path 
which it takes is the shortest that it could take. (I. 1-20.) 

20. A point passes from a given position, first to a given 

♦ The angle of incidence is equal to the angle of reflection. 
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straight line, and then to a oirole on the same side of that 
line. Determine the shortest path that it can take. 
(I. 1-20). 

21 The two diagonals of any four-sided figure are 
together less than the sum of the four sides, and greater 
than half their sum. (1.1-20.) 

22. Construct a ^, having giyen the base, one of the 
^8 at the base, and the sum of the other two sides. 
(I. 1-23.) 

23. If a right line be drawn cutting off any part of a 
polygon, the perimeter of the part that remains is less than 
that of the original polygon; and if one polygon be 
described within another, the perimeter of the inner poly- 
gon is less than that of the outer. (I. 1-20.) 

24. Two equal straight lines bisect each other. Show 
that the two extremities of either are at the same distance 
from the other. (I. 1-26.) 

25. If two exterior angles of a A are equal, the A is 
isosceles. (I. 1-13.) 

26. If two straight lines are parallel to two others, the ^s 
which the lines form with each other are either equal or 
supplementary. (I. 1-29.) 

27. Trisect a right angle. (1. 1-32.) 

28. Take the figure in Prop. I. (p. 16). Produce A B to 
meet the right-hand circle in F. Join G and D, and F, 
and D and F, and prove that G D F is an equilateral A- 
(I. 1-32.) 

29. If lines be drawn bisecting two ^s of a A> the point 
where they meet is equidistant from all the three sides. 
(I. 1-26.) 

30. If right lines be drawn through the vertices of a A 
parallel to the opposite sides, a figure will be formed which 
is divided into four /\b equal to each other in all respects. 
(I. 1-34.) 

31. Gonstruct an equilateral A» the sum of the three 
sides of which shall be equal to a given right line. (I. 
1-32.) 

32. If two parallel right lines be intersected by a right 
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line, the linee which bisect the tW6 kiteiior angles on the 
same side are perpendicular to each other. (I. 1-32.) 

33. Describe a rhombus in which two opposite angles 
shall be doable the other two. (I. 1>^4.} 

34. Find a point in the base of a A) such that the two 
lines drawn from it parallel respectively- to one side and 
meeting the other, shall be equal. (L 1-34.) 

36. Draw a straight line from one side of a ^ to anothert 
so that it shall be parallel and equal to a given straight 
Hne. (I. 1-34.) 

36. Prove that the diagonals of a parallelogram bisect 
each other. (1. 1-34.) 

37. In a right-angled parallelogram the diagonals are 
equal. (I. 1-34.) 

38. If the opposite sides of a quadrilateral ^re equal, it is 
a parallelogram. (I. 1-34.) 

39. Describe a parallelogram, the area and perimeter of 
which shall be equal to those of a given ^. 

40. Of all ^s on the same base and between the same 
parallels, the isosceles ^ is that whioh has the least peri- 
meter. (I. 1-37.) 

41. If from any point in the diagonal of a parallelogram 
right lines be drawn to the opposite comers, the two ^^s on 
one side of the- diagonal are respectively equal to the two 
Ae on the other. (I. 1-38.) 

42. The line joining the points of bisection of two sides 
of a A is parallel to the base. (1.1-39.) 

43. If one side of a A be - divided into any number of 
equal parts, and lines be drawn from the points of section 
parallel to the base, and meeting the other side, that side 
will be divided into the same number of equal parts as the 
other. (I. 1-34.) 

44. Hence, show how to divide a given finite right line 
into any number of equal parts. 

46. Construct a Ai having given the base, the sum of the 
other two sides, and the vertical angle. (I. 1-32.) 

46. A point is equally distant from two parallel straight 
lines. Pfove that any line drawn through that p^int from 
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one ol th& painiU^ to the other is bisected at the point. 
(I. 1-29-.) 

47. Show how to draw a straight line through a point 
within an angle from one aide of the angle to the other, so 
as to be bisected at the point. (I. 1-29.) 

48. The lines which join the points of bisection of the 
three sides of a ^ divide it into. toYs ^s equal to each other 
in all respects. (I. 1-39.) 

49. If straight lines be drawn through the angles of a 
quadrilateral figure parallel to its diagonals, they form a 
parallelogram of whieh the area is double that of the 
original fig^ire. (I. 1-41.) 

50. If straight Uses be drawn through the points of 
bisection of each pair of conterminous sides of the four 
sides of any* quadrilateral figfure, they form a paral- 
lelogram, the area of which is half that of the original 
figure. (I. 1-40.) 

51. Construct a ^, having given the base, the sum of 
the other two sides, and a line te which the line bisecting 
the vertical angle of the A is parallel. (I. 1-31.) 

52. Two mirrors are at right angles to each other. If a 
ray of light fall on one of them, be reflected to the other, 
and then reflected from that, the direction of the last part 
of the ray is parallel to that of tiie first.. (X. 1-28.) 
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This is, so far as I know, the first s^tematio attempt that 
has beea made to apply to the Latin language those prin- 
ciples of grammatical analysis which Becker developed for 
the German language, and which have been already widely 
adopted in the teaching of English. The fact that this 
'* Analysis of Sentences"' is required by the Universities of 
Oxford and Cambridge in their *' Local Examinations," 
renders it superfluous to attempt to show here how many 
and great are the advantages of the system. It is un- 
equauied in its capabilities for giving clear and vigorous 
ideas oE the mutual relation of the various parts of a 
sentence. If such results are attained in the study of 
English, it may readily be presumed that the application 
of the method to the far more complicated structure of 
Latin must not only assist most powerfully in clearing 
away the difficulties and perplexities which learners are 
sure to find in the effort to grasp the import of a long and 
involved sentence, but form a mental discipline of the very 
highest order. ..... The present work is not de* 

tigraed to supersede either grammar or exercise book. It 
is intended as an auxiliary to each. It will, of course, be 
an assistance to a learner to have mastered the general 
principles of analysis in connection with English. If he 
has not had the opportunity of doing so, he will be enabled 
by the study of this book to analyse an English sentence 

just as well as a Latin one I venture to hope 

that this little work may effect something towards extnid- 
ing from our school-teaching that cram^d, unintelligent, 
and pedantic method ^hich has done so much to discredit 
a study which, I trust, will ever continue to be regarded 
as one of the most important elements, in a truly UbenJ 
education. 

Denmark Hill, Jan, 1, 1860: C. P. Mason. 



(I^pmuind of tj^e ^ttes. 

. . . . ''[The author] has farnished an able expoaitioii 
of the principles of analysis, with plenty of appropriate 
examples ana exercises for practice. Those who desire a 
separate work on this brandi of the subject will here find 
their wants well supplied.^ — AthencBum, Feb. 27, 1869. 

"The Tery useful contributions already made by Mr. 
Mason to our educational Kterature will lead our readers 
to anticipate us, when we say that this volume presents us 
with a happy com1t)ination of mature practical experience 
and sound nxeory; that it is excellently conceived and 
carefully executed. .... The application of the 
method [of analysis] to the Latin language appears to us a 
very happy idea; the learner will be provided with an 
excellent auxiliary to the study of the grammar ; the 
transference of the analysis to the study of English will 
be easy, and he will then have brought before mm more 
clearly than under any preceding system the essential 
differences of the two idioms." — EducaiUmcU Times, 
March 1, 1869. 

*' There cannot be two opinions with reeard to the value 
of grammatical analysis as a mental disci^ine, and as fur- 
nishing a crucial test of the complete mastery of a language. 
There can also be no reasonable doubt as to the importance 
of its application to the Latin language, especially since in 
the English schools and Universities the students have to 
learn to understand and write theiir own tongue chiefly 
through the study of Latin. Any one who has mastered 
the present work will be able to analyse an English sentence 
just as well as the Latin. . « . . We most heartily 
commend [this little work] to all who are in need of an 
able and practical exposition of the principles of gram- 
matical analysis apphed to the Latin tongue." — British 
Quarterly Review, 

<*Mr. Mason has found a first place among the advocates 
of Becker's system of grammatical analysis. His * English 
Grammar' contains one of the best explanations of that 
system as applied to our English tongue; and now he 
applies it to Latin with resmts that ^cannot fail to be 
advantageous." — The Freeman, 
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ANALYTICAL LATIN EXERCISES. 
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These Exercises embo(%y the resulls of above twenty years' 
experience in teaching Latin, and develop the methods 
which the author has found most useful in actuAl practice. 
The leading characteristics of the- book are the following : 

1. The exercises are so arranged as to be adapted to all 
the best Latin grammars in general use, sucn as Dr. 
Kennedy's Latin Orammcw, The Public School Primerf 
Kitty Edioard the Sixlh^s Latin OrammaVf and those by 
Mr. Kepf Dr. W. Smithy Mr. Rohy^ Dr. SchmitZy and 
Mr. Miller, Thus, instead of having a Latin Grammar 
printed piecemeal alonfl with the exercises, the pupil is 
tauiht to familiarise himself with the grammar that he 
ordiuarily uses. 

2. The system of Oude Fbrms is. developed in such a 
way as to render the study of the Accidence a constant dis- 
cipline for the powers of observation and comparison. 
At the same time, this feaifcuue of the book may be dis- 
regarded by those who prefer the old system. 

3. By a perpetual system of contrasts, the pupil is led 
involuntarily to the habit oi analysing the forms that he 
has to use, and the constructions that he has to employ. 

4. The formation of compounds and derivatives is dealt 
with as systematically as the common Accidence of the 
Latin Grammar. A secure basis is thus obtained for a 
sound knowledge of the real signihcations of words, and 
for future linguistic studies. 

5. The attention of the pupil is mainly directed to the 
general laws of the structure of sentences, so that he may 
acquire the i)ower of analysing complicated sentences, and 
of writing continuous Latin compositions with ease and 
confidence, without having his attention distracted, and 
his memory overloaded with idiomatic expressions, which 
he seldom or never has occasion to use, and \\hich are 
easily acquired, if needful, at a later stagp. 
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A Scries of Greek and Latin Anthors. With English Notes. 8vo. Edited by 
▼arions Scholars* under the direction of O. Long, E8q..-M.A., Classical Lec- 
turer of Brighton College : and the late Rev. A. J. Macieane, M.A., Head 
Master of King £dward*s School, Bath. 

ESCHYLUS. By F. A. Paley, M.A. ISs. 
Cicero's Orations. By G. Long, M.A. 4 vols. 

31. 4*. Vol. 1. lAr.; Vol. U. 14i.; Vol. 111. \6s.; Vol. IV. la*. 
Contents of Vol. 1 : Verrinarum Libri Septem. 
Contents of Vol. II: Orationes Pro P. Quintio. Sex. Ros- 
cio Amerino, Q. Roscio Comoedo, M. TuUio, M. Fonteio^ A. 
Caecina, De Iniperio Cn. Pompeii, Pro A. Cluentio, De Lege Agraria (3), 
et Pro C. Rabino. Index. 

Contents of Vol. Hi: Orationes in CatHinam^ Pro Mureoa, SuUt, Ar- 
chia, Valerio Flacco, Qanm Senatni Gratias egit, Quum Populo Gratias 
eeit. De Domo Sua, De Uamspicnm Responsis, et Pro Sestio. Index to 
the Notes. 

Contents of Vol. IV: Orationes in P. Vatlnium Testem, Pro M. Caelio 
De Provinciis Consnlaribus, Pro Comelio Balbo, In Calpuminm Pisonenia 
Pro Cn. Plancio, Rabirio Postumo, Asconii Argnmentum in Orationem 
Pro Milone, Oratio Pro Milone, Asconius on the Result of the Trial of Milo, 
Orationes Pro Marcello, Ligario, Rege Deiotaro, et Philippicae Orationes. 
Index to the Notes. 

Demosthenes. By R. Whiston, M.A., Head Master of Roches- 
ter Grammar School. Vol. 1. 16f. Vol. II. I6x. 

Contents of Vol. 1 : Preface. Life of Demosthenes. Chronological Table. 
The Olynthiac Orations, and the Philippics. The Speeches on the Peace. 
On the Halonnesus and Chersonesns, On the Regulation of the State, On 
the Symmoriae, On the Liberty of the Rhodians, For the Megalopolitans. 
On the Treaty with Alexander, and on the Crown. Index of Words. Index 

to Notes. . „ , . , ., 

Contents of Vol. II: The Speeches on the Embassy, against Leptines, 
against Meidias, against Androtion, against Aristocrates, against Timocrates, 
against Aristogeiton. 

Earipides. By F. A. Paley, M.A. 3 vols. 16*. each. 

Contents of Vol. I : Life of Earipides. Rhesus. Medea. Hippolytns. 
Alcestis. Heraclidae. Supplices. Troades. Index i. Of Words and Pro 
per Names. Index ii. Grammatical, Philological, &c _, _ 

Contents of Vol. II : Ion. Helena. Andromache. Eiectra. Bacchae. 
Hecuba. Index i. Of Words and Proper Names. Index ii. Granunaticait 
Philological, &c ^ . « . . ^ 

Contents of Vol. Ill : Hercnl^ Furens. Phoemssae. Orestes. Iphtgenia 
inTauris. Iphigenia in Aulide. Cyclops. Index i. Of Words and Proper 
Names. Index ii. Grammatical, Philological, &c « . 

Herodotus. By J. W. Blakesley, B.D., late Fellow and Tutor 
of Trinity College, Cambridge. 2 vols. 3S«. 

Hesiod. By F. A. Paley, M.A. iO«. 6d. 

8q>. 1871. 
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Homer. By F. A. Faley, M. A. Vol. I. Iliad, 1—12. 12$. 

Vol. \h preparing, 
Horace. By Rev. A. J. Macleane, M. A. New Edition, revised 

hj O. LoDfr, M.A. 18«. 
Juvenal and Persius. By Rev, A. J. Macleane, M. A. A New 

Kdition, revised by Greorge Long. 12«. 
Plato. By W. H. Thompson, D.D. Vol. I. containing "Phae- 

drus." 8vo. 7/. 6d. Vol. II. containing " Oorglas ** in the Press. 
Sophocles. By Rev. F. H. Blaydes, M.A. Vol. I. 18*. 

Contents of Vol. 1. OBdipus Tyrannus. O^dipns Coloneus. Antigone. 
Tacitus ; Annals. Bv the Kev. Percival Frost, M.A. Shortly. 
Terence. By E. St. J . Parry, M.A. 18«. 
Vers^il. By J. Conin^n,M.A., Professor of Latin at Oxford. 

Vol. I. emtaining the jBocolics and Georgics. 12ff. Vol. II. containing 

the iEneid, Books I. to VI. lis. Vol. III. preparing. 

A Series of Greek and Latin Authors, with Enelish Notes, edited by Eminent 
Scliolars, especially tor Use in Put>iic Schools. 16 vols. fcp. 8vo. 

^SAR de Bello Galileo. Edited by George Long, M. A. 

New Edition. 5t. 60, 

CaBsar de Bello Gallico. Books L—ITL With Notes 
for Janior Classes. By George Long, M.A. NewBdition. 2«.6tf. 

Catullus, Tibullus, and Propertius. Selected Poems. Edited 
by the Rev. A. H. Wiatifilaw, of Bary St. Edmunds School, and F. N. 
Sutton, B.A. With Sliort Biograpliicai Notices of the Hoets. 3s, 6d. ^ 

Cicero : de Senectute, de Amicitia, and Select Epistles. Edited 

by Georce Long, M.A. New Edition. 4s. Qd. 

Homer. The Iliad, Books I.— XXL Edited by F. A. Paley, M. A. 

Of.fitf. 

Horace. Edited by A. J. Macleane, M.A., late Head Master of 
Kiiig Edward's School, Bath. With a Short Life. New Edition, revised. 

Juvenal. Sixteen Satires. Expurgated. By Herman Prior, M. A., 

late Scholar of Trinity College, Oxford. 4/. ed. 
Mardial. Select Epigrams. Edited by P. A. Paley, M.A., and 

the late W. H. Stone, Scholar of Trin. Coll., Cambridge. With a Life of 

the Poet. Qs, Qd. 

Ovid. The Six Books of the Fasti. Edited by F. A. Paley, M. A. 
New Edition. 6s. 

Sallust. Catalina, and Jugurtha. With a Life. Edited by 
George Long, M.A. 6s. 

Tacitus. Germania, and Agricola. Edited by the Rev. P. Frost, 
late Fellow of St. John's Coll., Cambridge. Zs, Qd. 

Virgil. Bucolics, Georgics, and ^neid. Books I. — IV. 

'^Abridged from Professor Coningion's Edition by the Rev. J. G. Sheppard, 

D.C>L*, late Head Master of the Grammar School, Kidderminster. 5s. Qd. 

Xenophon. The Anabasis. With Life, Itinerary, Index, and 
3 Maps. Edited by the Rev. J. F. Macmlchael, Head Master of the Gram- 
mar School, Ripon. New Edition, enlarged. 6s. 

Xenophon. The Cyropaedia. Edited by G. M. Gorham, M.A.^ 
late Fellow of Trin. Coll., Cambridge. New Edition. Qs, 

Xenophon. Memorabilia. Edited by Percival Frost, M.A., late 
Fellow of St. John's C9II., Cambridge. As. Qd, 

Uniform with the Series. 

The New Testament, in Greek. With English Notes and Pre- 
face, Synopsis, and Chronological Tables. By J. F. Macmlchael, B.A. 
Fcp. 8vo. (730 pp.) 7s. Qd, 
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(Samirilrse Gxttk Bxii latin Cexte* . 

This series is intended to supply fat the use of Schools and Btadents cheap 
And accnrate editions of the Classics, which shall be snperior in mechanicml 
ezecation to the small German editions now cnrrent in this conntry, and more 
<onyenient in form. 

The texts of the Bibliotheca Oassica and Grammar School CUusict^ in 
most cases have been adopted. These editions have taken thdr place 
amongst scholars as valuable contribations to the Classical Literature of this 
country, and are admitted to be ^ood examples of the judicious and prac- 
tical nature of English scholarship ; and as the editors have formed their 
texts firom a careful examination of the best editions extant, it is believed that 
010 texts better for (general use can be found. 

PJ 
16mo. sice, and will be issued at short intervals. 



be well printed at the Cambridge University Press, in a 




OMERI Ilias Lib. I.— XIL Ex noTissizna reoensione 

F. A. Paley. 2s. M. 

.Sschylus ex novissima recensione F. A. Faley. Ss. 

Ceesar de JSello Gallico, recensuit G. Long, A.M. 2s. 

Cicero de Senectute et de Amicitia et Epistoke Selectse, recensuit 
O. Long, A.M. Is. 6c{. 

Ciceronis Orationes. Vol. I. (Yerrine Orations.) G.Long,M.A. 
8s. &2. 

FSuripides, ex recensione E. A. Faley, A. M. 3 yoIs. Ss. 6cI. each. 

Herodotus, recensuit J. W. Blakesley, S.T.B. 2 toIs. ?«• 

Horatius, ex recensione A. J. Macleane, A.M. 2«. 6<2. 

Juvenal and Fersius, A. J. Macleane, A.M. 1«. 6e2. 

Lucretius, recognovit H. A. J. Mnnro^ A.M. 2s. 6cf. 

"Sallusti Crispi Catilina et Jugurtha, recognovit G. Long, A.M. 
is.ecf. 

Terenti Comoediae. W. Wagner relegit et emendavit 3f. 
Thucydides, recensuit J. G. Donaldson, S.T.F. 2 vols. 7f. 
Vergilius, ex recensione J.Conington, A.M. 3s. 6<2. 
JCenophontis Anabasis recensuit J. F. Macmicbael, A JB. 2«. 6d. 

l^ovum Testamentum Graecum Textus Stephanici, 1550. Acoe- 

dunt variae Leetiones editionum Beiae, ElBeviri, Laehmanni, Tisehfln- 
4orfli, Tregellesii, cnrante F. H. Scrivener, A.M. 4s. 6(2. 

Also, on 4to. writing paper, for MSB. notes. Half bound, gilt top, 12*. 
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Hatin anb fStUtt (SIkm iSoofts. 

Bt thb Ret. F. Frost, M.A., St. John's College, 

Cambbidoe. 

[NALECTA Graeca Minora. With Introductoi;^ 
Sentences, English Notes, and a Dictionary. New EcUiion. 
Fcap. Svo. Zs. M. 

£clogsB Latiu^e. A New Elementary Latin Beading 
Book, with a Dictionarj. A New Edition. 2s. Qd. 

This volune is arranged like the *' Analecta Grcca Minora," it has 
a Lexicon at the end, and is graduated so that the pnpil after passing 
thzx>agh it may take np Orid or Cssar. 
Materials for Latin Prose Composition. Tliird Edition. 12mo. 

28. 6d. Key, 4<. 
Materials for Greek Frose Composition. Fcap. 8vo. 3«. Bd. 

Key, be, 

A Latin Verse Book, an Introductory work on Hexameters and 

Pentameters, -with Introduction and Notes. Fcap. 8vo. Zs. Key, 5». 
Tadti Germania et Agricola. See page 2. 
Xenophontis Memorabilia. See page 2. 



Q. Horatii Flacci Opera. Illustrated from Antique Gems. By 
C. W. KiniTf M.A., Fellow of Trinity College, Cambridge. The text re- 
vised, with an Introduction, by H. A. J. Mnuro, M.A., Fellow of Trinity 
College, Cambridge, Editor of '* Lucretius.'' Large Svo. ]/. Ix. 

Corpus Foetarum Latinorum. Bdited by Walker. 8to. 18«. 

Titi LiTii Historic. The first five Books, with English Notes. 
By J. Prenderille. 12mo. roan, 6s. Or separately. Books I. to III. 
Ss.ed. ly.Kady. Zs.M. 

Anthologia Graeca. A Selection of Choice Greek Foetry, with 
Notes. By Rev. F. St. John Thackeray, Assistant Master, Eton College. 
New Edition corrected. Fcap. Svo. Is, 6d. 

Anthologia Latina. A Selection of choice Latin Foetry, 
from Na»vios to Boethins, with Notes. By Ber. F. St. John Thackeray, 
Assistant Master, Eton College. New Edition enlarged and corrected. 
Fcap. 8vo. Of. ed. 

** The passages are well chosen, and the appearance of the book is ex- 
ceedingly pretty." — Edinburgh Review. 

Scala Graeca. A series of Elementary Greek Exercises. By the 
Ber. J. W. Davis, M.A., and B. W. Baddeley, M.A. 2s. ed. 

Qnintns Horatios Flaccus. Illustrated with 50 Engrayings from 

the Antique. Fcap. 8to: 2s. 6d. 
Selections from Ovid : Amores, Tristia, Heroides, Metamorphosei. 

With English Notes, by the Ber. A. J. Macleane, M.A :, New EOiion. 

Fcap. 8to. 3s. ed. 

Sabrinae Corolla in hortulis Begiae Soholae Salopiensis con- 
texaemnt tret viri floribas legencus. Editio Tertia. 6to. U. ed. 
CO, 17s. 
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Latin Class Books continued, 
A Latin Grammar. Bj T.Hewitt Key, M.A.,F.RS., Professor 

of CompumtiTe Grammar, and Head l£uter of the Junior Sehool, in 
Uniyemty College. ^xthTlum$and,e(nreeted and enlarged. PottSvo. 8c 

A Short Latin Grammar, for Schools. By T. H. Key, M. A., 

F.B.S. Seventh Ediiion, PoetSvo. Zs.Qd. 

jprojzressiye Latin Delectus. By J. T. Y. Hardy, B. A. Foap. 
^o. 2s. The references in this I)electiis are to Proiestor Key's Iran 
Grammar. 

Latin Accidence. Consisting of the Forms, and intended to pre- 
pare boys for Key's Short Latin Grammar. Post 8t^o. 2«. 

A First Cheque Book for Latin Verse Makers. By the Bey. 
F. Gretton, Stamford Free Grammar School. 1«. 6cf. Key, 2t. 6(L 

Beddenda ; or Passages with Parallel Hints for translation into 

Latin Prose and Terse. By the Rev. F. £. Gretton. Crown Sto. 4«. &2. 

Latin Prose Lessons. By the Bey. A. Church, M.A., one of the 
Masters of Merchant Taylors' School. A New Edition, Feap. 8yo. 
2s. ed. 

The Odes and Carmen StBculare of Horace. Translated into 

English Verse by John Coninston, M.A., Professor of Latin in the 
Umrersity of Oxford. Fourth MdUion revised. Fcap. 8to. Boxbrngh 
binding. 5s. 6d, 

The Satires of Horace. Translated in English Verse by John 
Conington, M Jl. 68. ed. Second Edition. 

(BlMmKl Ca&Ies, Svo. 

OTABILIA Qusedam : or, the principal tenses of such 
Irregxilar Greek Verbs and snch* elementary Greek, Latin, 
and French Constructions as are of constant occurrence. Is. td. 

Greek Accidence. By the Bey. P. Frost, M. A, It. 

Latin Accidence. By the Rey. P. Frost, M. A. Is. 

Latin Versification. Is. 

The Principles of Latin Syntax. It. 

Homeric Dialect : its leading Forms and Pecnliarities. By J. S. 
Baird, T.C.D. Is. ed. 

A Catalogue of Greek Verbs, Irre^lar and Defectiye; their 
leading formations, tenses in use, and dialectic inflexions ; with ft eopiovt 
Appendix, containing Paradigms for conjugation, Boles for formation of 
tenses, Ac. &c. By JT 8. Baird, T.C.D. New Edition, revised. 2s. ed. 

Biohmond Bules to form the Oyidian Distich, &c. By J. Tate, 
M JL. New Edition, revised. Is. ed. 

Kotes on Greek Accents (on a card). 6d, 
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[B. OUYER BTBNE'S New System of Mathematics. 
Amonf the mansr rvinarkabie and hitherto nnattaiuable resalt» 
which this science accomplishes, the followinc may be meno 
tioned: the involution and evolation of nambera to any root 
or power whatever; the direct calcalation of ihe logarithm 
of any nomber to any base ; and the general methods of dtttrmtnhif utt- 
mtriemi roots «/ mli oritrt of eqimtions, and also of exponential and tran- 
scendental eqoations, whether the bases be known or nnknown, withont 
the Dse of Tables. 

Bjnrne's Dual Arithmetic ; or, the Calcnlas of Concrete Quanti- 

ties. Known and Unknown, Exponential and Transcendental, inclading 
Anfolar Magnitudes. With Analysis. In it will be found several new pro* 
eesses for shortening laborious calculations, dispensing with the use of M 
tables, a roiethod of obtaining the logarithm or any number in a few mi- 
nates by direct calculation ; a methodTof solving equations involving expo- 
nential, logarithmic, and circular functions, Kcc. 8vo- 14f. 

Byrne's Daal Arithmetic. Fart. IL The Descending Branchy 
completing the Science, and containing theltheory of the application of 
both Branches. 8vo. lOr. (U. 

Byrne's Tables of Dual Logarithms* Dual Numbers, and Cor- 

respoodinjg Natural Numbers, and also Tables of Angular Magnitudes. Tri- 
gonometrical Lines and Differences to the hundredth part of a second for 
six digits. 

To this volume is prefixed an Explanation of Dual Numbers and Dual 
Logarithms, by which a person who has no previous knowledge of the 
theory of Dual Arithmetic may learn to make use of the Tables. 4to. %U, 

Other works are in preparation. 

The Elements of Euclid. Books I.— VI. XI. 1—21 : XII. 1,2^ 
a new text, based on that of Simson, with Exercises. Edited by H. J. 
HoM, late Mathematical Master of Westminster School. Fcap. At, U, 

A Graduated Series of Exercises on the Elements of Euclid : 
Books I.— VI.; XI. 1—21; XII. 1, 3. Selected and arranged by Henry 
J. Hose, M.A. 12mo. It, 

The Elements of Euclid. The first six Books, with a Commen- 
tary by Dr. Dionysios Lardner. 8vo, 10th Edition, 6s, 

The Enunciations and Eigures belonging to the Propositions in 
the First Six and part of the Eleventh Books of Euclid's Elemental 
(nsoally read in the Universities,) mepared for Students in Geometry* 
By the Rev. J. Brasse, D.D. New mUtion. Fcap. 8vo. Is. On carda^ 
in ease, It, 6d. ; withont the Figures, 6d. 

A CoUection of Elementary Examples in Pure Mathematics, ar» 
ranged in Examination Papers, with Occasional Hints, Solutions, &c. 

gengned chiefly for the use of Students for the Military and Civil Service- 
xaminations. By John Taylor, Member of the Mathematical Society, 
and late Military Tutor, Woolwich Common. 8vo. 7*, dd. 

A Compendium of Pacts and Pormulsa in Pure and Mixed 
Mathematics. For the use of Mathematical Stndents. By G. B. 
Smalley, B.A., F.R.A.S. Fcap. 8vo. 8s. 4id, 

A Table of Anti-Logarithms; containing to seven places of deci- 
mals, natural nnmbexv, answerincr to all Logarithms firom *00001 to *99999 ^ 
and an improved table of Gauss' Xogarithxui, by which may be found the 
Logarithm of the sum or difference of two quantities. With an Appendix^ 
containing a Table of Annnities for three Joint Lives at 3 pet cent. Car- 
lisle. By H. E. FUipowski. ITard Edition, 8vo. 16ff. 
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Arithmetic. By Rev. C. Elsee, M.A., late Fellow of St. 
John's College, Cambridge ; Assistant Master at Bugbf . Intended for 
the use of Rugby School. Fcap. 8vo. New Edition, Zs. 6d, 

Handbook of the Double Slide Rule, showing its applicability to 
Navigation, including some remarks on Great Circle Sailing, with nsefnl 
Astronomical Memoranda. By W. H. Bayley. 12mo. 2s. Qd, 

The Mechatiics of Construction ; including the Theories on the 
Strength of Materials, Roofs, Arches, and Suspension Bridges. With 
numerous Examples. By Stephen Fenvick, Esq., of the Royal Military 
Academy, Woolwich. 8vo. 125. 

Double Entry Elucidated. By B. W. Foster. Tenth Editiom 
4to. Ss. 6d. 

The design of this work is to elucidate the immutable princinles of 
Double Entry, and to exemplify the art as it is actually practised oy the 
most intelligent accountants at home and abroad. 

A New Manual of Book-Keeping, combining the theory and 
practice, with specimens of a set of books. By Philip Crellin, Accountant. 
Crown 8vo. 3f. 6d, 

This volume will be found saitHble for sll classes of merchants and 
traders: besides giving the method of double entry, it exhibits a system 
which combines the results of doable entry without the labour which it 
involves. 

A Nbw French Course, bt Mons. F. £. A. Gasc, M.A. 

[IRST French Book ; being a New, Practical, and Easy 
Method of Learning the Elements of the French Language. 
New Mdition. Fcap. 8vo. Is. Qd. 

Second French Book ; bein^ a Grammar and Exercise 
Book, on anew and practical plan, and intended as a sequel to the " First 
French Book." New Edition. Fcap. 8vo. 2s. 6cf. 

A Key to the First and Second French Books. Fcap. Svo. 3«. 6<2. 

French Fables, for Beginners, in Prose, with an Index of all the 
words at the end of the work. New EiitUm. Fcap. Svo. 2s. 

Histoires Amusantes et Instructives ; or. Selections of -Complete 
Stories from the best French Modem Authors who have written for the 
Yonng. With English Notes. New Edition. Fcap. 8to. 2s. 6d. 

Practical Guide to Modern French Conversatfion : containing :«— 
I. The most current and useful Phrases in Every-Bay Talk ; II. Every- 
body's Necessary Questions and Answers in Travel-Talk. New Edition. 
Fcap. 2s. ed. 

French Poetry for the Young. With English Notes, and pr«» 
ceded by a few plain Rnles of French Prosody. Fcap. Svo. 2s. 

Materials for French Prose Composition ; or. Selections from the 
best English Prose Writers. Witn copious Foot Notes, and Hints for 
Idiomatic Renderings. New Edition. Fcap. Svo. 4s. Qd. Key, 6c. ; 
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Frenek and Cfemum Class Books 

Frontean CoDtempoTsnis : or Selecticms in F^rose, diieAy fipom 

eoBtcmporarf FiCBck Literatiure. Witli Englwh Notes. Fcap. Sro. St. 

Le Petit CompagiMm: a French TaIk>book for Beginnen. 16nio, 

An Improved Modem Pocket-Dictionsry of tlie Frendi and 
Kagfith Laagiiages, in t«o Parts, Freach-Knylisli sad Eiq^isk-V^aidi, 
br the Ererr-daj Piujw s e i of Timrdlen sad Btadents, mat staing man 
thsa Fire Thoosaad Modera sad CvRcat Words, Bpnifs, sad Wi«SB»tir 
Fbrsscs and Rendcriags act fooad ia aa j other Ketiaasry at the two 
Laagaages. 8^ Item. Price 4c. 

Modem French and English Dictionary, wiih upwards of Fifteen 
Thoosaad New Words, Beateaees, &e, hitherto uinmblished. 8tou To 
he computed in. Four IhnU,tmeh^9.9d, Parts I., IL aad III. aov rrad^. 




FRENCH Grammar for Pabtic Schools. By the 

Ber. A. C. Clapia, MJL. St. John's Call^|e, Cambridge, 

aad Baehelier^s-Iettres of the UaiTonitf of Fraace. Fcap. 

8to. Second Editum, greatfy emiarged. 2s. (UL Or ta firo 

parte, eeparately. 
Part I. Aceidenee. 2r. 
Part II. Syntax. Is. &£. 

Twentj Lessons in French ; with a Double Vocabulary giTinfr 
the ptwi anri alio B of French words, Aotes aad ^ipeadiees. Bj W. 
Brdmer. Post 8tow 4Sm 

Le Nonrean Tr^sor : or, French Student's Companion : d<i<ng«MM^ 
to flirilitate the Traaslatioa of English iato Freach at Sight. Fifieemik 
.fiUtfMM. with Additions. By M. £<»* 8«»m. 12oio. loaa,3s.&l. 

A Practical and Theoretiod Analysis of Modem French IVo- 
nnaciatioa. Principallr intended for the nse of Public Schools. ^ 
Charles Hfavn-wall, of Brighton College. Fc^. Is. UL 

The French Drama ; being a Selection of the best IVagedies 
and CooMdies of Moli^re, Badae, P. C<smeille, T. ComeOle, aad 
Voltaire. With Argnments in English at the head of each seene, aad 
Notes, Critical and Explanatory, by A. Gombert. ISaui. Sold sepa- 
rately at Is. each. Half-bonnd, Is. &£. each. 
CoHSDXBS BT MoLiBBS.— Le Misanthrope. L'Arare. Le Boargem 
Oentilhonune. Le TartnlEe. Le Malade Imaginaire. Les Fenuaes Sa- 
rantes. Les Fonrberies de Scapin. Les Precieoses Bidicvles. L'Eeole 
des Fenunes. L'Eeole des Maris. Le Mededn Malgr§ LnL M. de 
Poaxeeaagaac AaiphitryMi. 
TBAesDiBs, Ac. BT lUcxBB. La Th^baSde, on les FMres Vj**^— s« 
Alexaadre le <3rand. Andiomaqne. Les Plaidenrs, (Gna.) Britaaaieas. 
B6rfoiee. Bajaset. Mithridate. Iphigenie. Phddre. Esther. Athalie. 
Teaobdiis, &e. BT P« CoBXBiUB. Le Cid. Horace. . Cinna. Ffrlyencte 

Pooipce. 
Tbaabdt BT T. Cdutbixxb. Ariane. 

Plats bt Voltaibb. Bmtns. Zaire. Alxire. Orestes. Le FaaatiBme. 
M^rone. La Most de C£aar. Semiramis. 

MaterialB for German PkxMe Composition : consisting of Selections 

fromModeniEngll8hWriten,witb Grammatical Notes, idiomatic Renderings 
of DUBcoli Passages, and a General IntnMloction. By Dr. Bocfaheini, Pn>- 
fetsor of German Langaaee and Uteratare io King's College, and Exam- 
fner in German to the London University. Fcap. 4jr. tii, 

" Amid the maltiplicity of worths on the atiidy of German that now exist, 
it b refreshiag to meet with one like the present, which seems to be tke 
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resalt of m practical and matore experience of the difficnlties which beset 
the English sturient who seeka to obtain a mastery over this noble iwa- 
guage,*'—£jiucatio7tal Tiinet, 

Der Gefangone (The Prisoner). By Kotzebue. A Qerman Hay, 
suitable for school reading or acting. Edited^ with foot-notety by Dr. Strom- 
berg, of Bonn. U, 

German Grammar for Public Schools. By the Bev. A. C. Glapin, 
M.A., Asaistant-Master at the King'k School, Sherborne; and F. Holl-M&l- 
ler, Phil. Doc, Assistant-Master at the Bmton Grammar School. Fcp- 

With English Notes for Schools. Uniform with the Grammab Bcbool 

Classics. Fcap. 8to. 

EBMAN Ballads from Uhland, Goethe, and Schiller, 
with Introductions to each Poem, copioas Explanatwy Notes 
and Biographical Notices. Edited by C. L. Bielefeld. 8s. 6tL 

Schiller's Wallenstein, complete Text, comprising 
the Weimar Prologne, Lager, Piccolomini, and Wallenstein'sTod. EditM 
by Dr. A. Bnchheim, Professor of German in King's CoU^pBy London. 
68. 6d, 

Fiociola, by X. B. Saintine. Edited by Dr. Duboc. Fourth 
Edition^ revised, Z». 6d. 

This interesting story has been selected with the intention of providins 
for schools !and young persons a good specimen of contemporary French 
literature, free from the solecisms met with in writers of a past age. 

Select Fables of La Fontaine. New Edition^ revmd. Edited by 
F. Oasc, M.A. 8«. 

** None need now be afraid to introduce this eminently French author, 
either on account of the difficulty of translating him, or the occasional 
licence of thought and expression in which he indulges. The renderings 
of idiomatic passages are unusually good, and the purity of English per- 
fect." — Athenattnu 

The above vohanes heme been u8edfor the CanUnidge Middle Ciase JEeaminatum. 

Histoire de Charles XIJ. par Voltaire. Edited by L. Direy. 
TMrd Edition, revised. 98. ed. 

Aventures de Tel^maque, par F^n^n. Edited by C. J. Delille. 
Second Edition^ revised, is. Od. 

N Atlas of Classical Geography, containing 24 Maps, 

constructed by W. Hughes, ana edited by Q. Long. New Edi- 
tion, with coloured outlines, and an Index of Places. 12s. Qd. 

This Atlas has been constructed from the best authorities by Mr. W. 
Hughes, under the careful supervision of Mr. Long. The publishers be- 
lieve that by this combination they have secured the most accurate Atlas 
of Ancient Geography that has yei been produced. 

A Grammar School Atlas of Classical Geography. The Maps 
constructed by W. Hughes, and edited by G. Long. Imp. 8to. 5«. 
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First Classical Maps, with Chronological Tables of Grecian and 

Roman Historj, Tables of Jewish Chronologj, and a Map of Palestine. 
By the Rev. J. Tate, M Jk. Third EiOun. Imp. 8to. It, <kl. 

The foUowinc are the diitincnish'.nE features of this Atlas: 

Ist. The page is not overloaded with names of unimportant places. 

2nd. The relative importance of various localities is indicated by marked 
differences of type. 

Srd. The principal physical characteristics of the regions represented (as 
mHritime boundaries, mountain ranges, &c.) are very holdly displayedf so 
as to impress themselves easily on the memory of young stuileuts. 

Chronolodcal Maps. By D. Beale, author of << The Text-Book 

of English and General History." ' No^I. England. 2$. &/. No. II. An- 
cient History. 2s., together, 3s. 6d. 

The Elements of the English Xianfuage for Schools and Colleges. 
By Ernest Adams, Ph. &, late of University College School, now Head- 
Master in Tictoria Park School, Manchester. EiglmiEdUMm, Crown 8tov 
4s. <U. 

The Kudiments of English Grammar and Analysis. By Ernest 

Adams. Second JEditum, Fcap. 8vo. 2s. [Preparinff,. 

Intended for the Junior Classes of Middle and Claseical Schools. The 

nomenclature is assimilated to that of the best Latin Grammars, and it 

serves as an introduction to the foregoing work. 

Pr. Bichardson on the Study of Language : an Exposition of 
Home Tooke'B Diversions of Pnrley. Fcap. 8vo. is. ed. 

Knowledge is Power. A Popular Manual of Political Economy. 
By Charles Knight. Post Svo. Illustrated. 6s. 

This work is founded on two little volumes ndiich were published many 
years ago, and had a very large sale. One of them was attributed to Lord 
Broufham, and was thonaht to have had considerable influence in qnietine 
the violent disturbances that ensued throughout the manufacturing districts 
on the introduction of machinery in place of manual labour. 

English Poetry for Classical Schools ; or, Florilegium Poeticum 
Anglicamnm. New Edition, 12mo. Is. fid. 

Elements of General History, Ancient and Modem. By Pro- 
fessor Tytler. With additions, corrections, and illnstrations, and a 
eontinnation to the present time. 12mo. 8s. 6rf. ; roan, 4s. 

The Geographical Text-Book; a Practical Geography, calculated 

to faciutate the study of that nsefol science, by a constant reference to 

the Blank Maps. By M. E . . . S Seventh Edition. 12mo. 2s. 

II. The Blank Maps done np separately. 4to. 2s. coloured. 

Notes on the Catechism. For the Use of Confirmation Classes in 
Schools. By the Rev. Dr. Alfred Barry, Principal of King's College, 
London. Fcap. Third Edition. 2$. 

Catechetical Hints and Helps. A Manual for Parents and 
Tftachers on giving instrnction to Yonng Children in the Catechism of the 
Chnrch of England. By Bev. E. J. Boyce, M.A. Second Edition, enlarged^ 
Fop* 2s. 

Lessons on Confirmation ; or, Heads of Instruction to Candidates 
for Confirmation. By Rev. Peter Yonng, Author of •* Paily Readings 
for a Year." Cloth, fcap. 2». W. 

Brief Words on School Life. A Selection from short Addresses 
based on a coarse of Scripture reading in School. By the Rev. J. Kemp- 
thome, late Fellow of Trinity Coll. Cambridge, and Head Master of 
Blackheath Proprietory School. Fcp. Ss. 6d. 
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The Winton Church Catechist. Questions and Answers on the- 
Teachinff of the Chnrch Catechism. By Rev. Dr. Monsell, author of 
" Our New Vicar." In four parts. Part I., 6rf. Part II., 9d. Part 
III., dd. Part IV. in the Press, 

A Practical Synopsis of English History : or, A General Sum- 
mary of Dates and Events for the use of Schools, Families* and Candidates- 
for Public Examinations. By Arthur Bowes. Fourth Edition, 8to. 2s, 

Under Govemment : an Official Key to the Civil Service, and 
Ouide for Candidates seeking Appointments under the Crown. By J. C. 
Parkinson, Inland Revenue, Somerset House. Fifth Edition, Cr. 8yo» 
35. 6d. 

Bishop Jewel's Apolo^ for the Church of England, with his 

famous Epistle on the Council of Trent, and a Memoir. 32mo. 2s, 

Pearson on the Creed. CarefuUy printed from an Ori^nal 
edition. With an Analysis and Inaex. Edited by E . Walford, M.A. 
Post 8vo. 6s. 

A Short Explanation of the Epistles and Gospels of the Christian 
Year, with Questions for Schools. Royal 32mo. 2s. 6d. ; calf, is. ed, 

Welchman on the Thirty-nine Articles of the Church of England^ 
with Scriptural Proofs, &c. 18mo. 2s. or interleaved for Students, St. 




HISTORY of England durine the Early and Middle 
. Ages. By G. H. Pearson, M.A., Fellow of Oriel College, Oxford, 

and late Professor of Modem History, King's College, London. 

Second Edition, revised and enlarged. 8vo. 16s. Vol. II., to thfr- 

Death of Edward I. 8vo.I4s. 

Historical Maps of England during the First Twelve Centuries. 

By C. H. Pearson, M.A. Second Edition, Folio. 1/. lU. 6<^. 

History of England, from th*e Invasion of Julius Caesar to the end 
of the Beign of Gkoi^e II., by Hume and Smollett. With the Continua- 
tion, to the Accession of Queen Victoria, by the Rev. T. S. Hughes, B.D* 
late Canon of Peterborough. New Edition^ containing Historical Illus-^ 
trations. Autographs, and Portraits, copious Notes, and the Author's 
last Corrections and Improvements. In 18 vols, crown* 8to. 4f . each. 

Vols. I. to VI. (Hume's portion), II. As. 

Vols. VII. to X. (Smollett's ditto), IGs. 

Vols. XI. to XVril. (Hughes's ditto), \l. 12«. 

Hume, Smollett, and Hughes's History of England. Nw 
Library Edition. 15 vols. 8vo. 7/. IZs. 6d. 

Hume and Smollett's portion, vols. 1 to 8, 4/. 
Hughes's portion, vols. 9 to 15, 3/. 13s. 6d. 
*«* Copies of the 15 volume octavo edition of Hume, Smollett, and 
Hughes, may be had of Messrs. Bell and Daldy with continuous titles and. 
40 portraits without extra charge. 

A Neglected Fact in English History. By Henry Charles Coote, 

F.S.A. PostSvo. e». ^ „ 

An attempt to show that the modem English nation is subrtantiaim 

descended from the laborisinal Romanized Britons, rather than from the 

Anelu-Saxon invaders.* . . ^^.^,.,. ,*j 

'nMr. Coote has produced a very carious and able book ; he has pointed 

out the Roman element in Anglo-Saxon England more fully and more 

satisfactorily than any previous writer." Atkentnun. 
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The Historv of the Kings of Borne. By Dr. T. H. I>yer, 
Anthoar of the ** Hastoiy of Modern Enxope/* with a Prefatory Diaeerta- 
taon oo the Soared and Eyidence of Early JEUnaan History. Sro. l(te. 

PaO Mali Grnxgitt.—" It wilt mark, or help to mark, an era in the hiBtor\- 
of the sDbJect to which it is devoted. It is one of the most decided as weH 
as one of the ablest results of the reaction which is now in progress against 
the infloeuce of Niebuhr." 

Comtttmpormry Betittcr-** We are mach mistaken if candid minds will not 
find many alleged contradictions <iisappear.many presumed improbabilities 
Tanish, as they peni-<- the ' remarks' in which the arguments of the scep- 
tical school are exai..ined." (Professor Rawlinson.) 

Long's Bedine of the Roman Bepublic. 8vo. 

Yol. I. From the Destmction of Carthage to the and of the War with 
Jngnrtha. \U . 

Vol. II. From the Defeat of L. Cassins Longinns to the death of Ser- 
torins. lis. 

' Vol. III. From the third MithridaticWar to the Consnlahip of J. Caeiar. 

Vol. ly. H the Press. 

lir. Long, following Sallnst, haa taken the destmetion of Carthaffe as 
the epoch at which the oormptions, which Anally ended in the overuurow 
of the Roman Republic, first commenced. He gives ns a fall record of 
the constitntional changes, and of the erents which influenced ^em, 
from that period till the establishment of the Empire. 

Pompeii: its History, Buildings, and Antiquities. Edited by 
Pr. Dyer. Illustrated with 300 Wood Engravings, a Large Map, and an 
Itinerary for yisitors. 8to. Third Edition, lis. 

Outlines of Indian History ; comprising the Hindu, Mahomedan, 

and Christian i>eriods (down to the Reugnation of Sir J. Lawrence). 
With Maps, Statistical Appendices, and numerous Examination Questions. 
Adapted specially for Schools and Students. By A. VV. Hughes» Bom. 
Uncov. Civil Service, and Gray's-inn. Small post 8vo. 3f. Qd. 

" To the increasing number of students of Indian History this manual 
will prove very useful, so clear and methodical is its arraiigement."--£A- 
catiokai Timsi. 

An Introduction to the Old Testament. By Friedrich Bleek. 
Edited by Johann Bleek and Adolf Kamphansen. Translated from the 
German by O. H. Venables, and edited by the Rev. £. Venables, Canon 
Residentiary of Lincoln Cathedral. Fdht 8vo. 2 vols. IBs. 

A History of the Intellectual Development of Europe. By John 
William Draper, M.D., LL.D., Professor of Chemistry and Physiolc^ 
in the University of New York. 2 vols, demy 8vo., 1/. Is. 

Author's Preface. — " Social advancement is as completely under the 
control of natural law as is bodily growth. The life of an individual is a 
miniature, of the life of a nation. These propositions it is the special 
object of this book to demonstrate." 

The Story of the Irish before the Conquest, from the Mythical 
Period to the Invasion under Strongbow. By M. C. Ferguson. Fcap. 
8vo. 6s. 

Lnres of the Seven Bishops who were Committed to the Tower in 
1668. Enriched and Illustrated by most interesting Personal Letters 
firom the Bodleian Library, nauj first published. By Agnes Strickland. 
Post 8vo. 105. Qd, 
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Lires of the Queens of England, fi'om the Nonnan Conquest to 
the Beign of Queen Anne. By Agnes Strickland. Abridged bj the 
Authoress for the nse of Schools and Families. Post 8vo. 6f. 6cf. 

Athense Cantabrigienses. By C. H. Cooper, F.S.A., and Thomp- 
son Cooper. Yolnme I. 1500—1585. 8to. 18«. Vol. II. 1586—1609. 
8vo. 185. 

This work contains biographies of the notable and eminent men 
who have been members of the University of Cambridge. 

The Life of Las Casas, the Apostle of the Indies. By Arthur 
Helps, Author of '* Friends in Conncil." Crown 8vo. Qs. 

The Life of Columbus. By Arthur Helps. Crown 8vo. 6«. 

The Life of Pizarro. By Arthur Helps. Crown 8to. 6«. 

The Life of Hernando Cortes, and the Conquest of Mexico. By 

Arthur Helps. 2 vols. Crown 8vo. \5s. 

The First Principles of Medicine. By Archibald Billing, M.D., 
A.M., F.B.S. A New Edition (being the Sixth), thoroughly revised and 
brought up to the Present State of Medical Science, by the Author. 
Demy 8vo. 18«. 

Carpenter's (Dr. W. B.) Zooloey; a Systematic View of the 
structure. Habits, Instincts, and Uses, of the principal Families of the 
Animal Kingdom, and of the chief forms oi Fossil Bemains. New 
Edition, revised and completed to the present time (under arrangement 
with the author), by W; S. Dallas, F.L.S. With a (General Index. 
JUvstrated icith many hundred fine Wood Engravings. In two vols, 
(nearly 600 pages each.) 6s. eacb. 

Carpenter's Mechanical Philosophy, Astronomy, and Horology. 
A Popular FiZposition. Qne hunaredand eighty-one JUustrations. 6s. _^ 

Carpenter's Vegetable Physiology and Systematic Botany. 
A complete introduction to the Knowledge of Plants. New edition, re- 
vised ^nder arrangement with the Author), by E. Lnnkester, M.D., &c. 
Several hundred lUustrations on Wood. 6s. 

Carpenter's Animal Physiology. New Edition, thoroughly re- 
vised, and in part re-wntten, by the Author. Upwards of three Aim- 
dred capital Illustrations. 6s, 

The Entertaining Naturalist. By Mrs. London. Enlarged and 
carefully revised, and illustrated with nearly five hundred Wood En- 
gravings. An amusing and instructive book for children. Poet 8to. 
elegantly bound, Is. 

Outlines of Mi^etism and Electricity for Public Schools and 
Science and Art Examinations ; with an Introduction on the first princi- 
ples of Physics. ByW. P. Barrett, F.C.S. ls.6d. . [Preparing. 

Animal and Vegetable Physiology considered with Beferenoe to 
Natural Theology. By P. M. Boset, M.D., F.B.S. F\mrth EdxtUm^ynOi 
additions. 8vo. 2 vols, illustrated, I2s, 
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A Manual of Human Culture. By M. A. GarTeyj IiL.B. Crown 

8vo. Is. 9d. 

** Those who mske education a study should consult this Tolume."— 
Athautum, 

Practical Hints on Teaching. Bj John Menet, M.A., Per- 

fietual Curate of Hockerill, and late Chaplain of Hockerill Training 
nstitntion. Second Edition. With Plans of Schools. Crown 8vo. 2s, 
sewed. 

The Schole Master. By Roger Ascham. Edited, with copious 
Notes and a Glossary, by the Ber. J. E. B. Mayor, M«A.. £cap. 8vo. 69. 

Philolo^cal Essays. By T. Hewitt Key. Professor of Com- 
parative Grammar in Unirersity College, London. 8to. 10s. 6d. 

A Biographical and Critical Dictionary of Painters and Eng^- 
rers. By Michael Bryan. New Edition, revised, enlarged, and con- 
tinned to the pi-enent time, by George Stanley. Imp. 8vo. 42s. 

Common Words with Curious Derivations. By the Venerable C. 
J. Smith, Vicar of Erith.^ Fcap. 8vo. 8s. 6d. 

Synonyms and Antonyms of the English Language. Collected 
and Contrasted . By the Ten. C. J. Smith, M.A. Post 8vo. 5s. 

Synonyms Discriminated : a Catalogue of Synonymous Words 
in the English LKngnage, with their various Shades of Meanine, &c. Illus- 
trated by QootHtiuns frum Standard Wiiters* By the Ven. C. J. Smith, 
M.A. DemySvo. 16/. 

Wheeler's (W. A.) M.A., Dictionary of Names of Fictitious 
Persons and Places. 6s. 

Wric^ht's (Thomas) Dictionary of Obsolete and Provincial English 
(1048 pages). In two vols. 5s. each ; or half-bound in one vol. 10«. 6d. 

A New Biographical Dictionary. Edited by Mr. Thompson 

CoopHer, F.S.A, Joint editor of the well-known " Athenae Cantabrigienses." 
It will not be a mere reproduction of the contents of previous worlcs. 
In addition to the information obtainable fh)m ordinary sources, it will 
embody the results of many years of laborious and independent research 
in MS. Collections on the part of Mr. Cooper and his father. 

[J» Prep^atim. 

WORKS OF ELEMENTARY INSTRUCTION. 

Course of Instruction for the Young^ by Horace 

Grant. 

ARITHMETIC for Young Children. A Series of 

Exercises exemplifyina the manner in which Arithmetic should 
be taught to young chfldren, Is, 6d. 

Arithmetic. Second Stage. For Schools and Fa- 
milies, exemplifying the mode in which Children may be led to discover 
the main principles of Figurative and Mental Anthmene. 18mo. 3f. 

Exercises for the Improvement of the Senses; and providing 

instruction and amusement for Children who are too young to learn tu 
read and write. ISmo. it, 

Oeography for Young Children. With Illustrations for Ele- 
mentary Plan Drawing. ISmo* 2t, 
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Now in course of Publication, 
A NEW SERIES OF READING BOOKS FOR SCHOOLS, ENTITLED 

BOORS FOR YOUNG READERS. 

Now Ready. 

Part 1.— Containing— Thb Cat and the Hkn. A Cat in a Bao. Sam and bis 
Doo Keo Leo. Bob and Tom Lbb. 9d, 

Part II.— The New Born Lamb. The Good Boy* Bad Boy, and Nicb Wisb 
Girl. Bad Bbn and Old Sam Sly. Poor Fan. 8tf. 

Part III.— The Blind Bot. The Mote Girl. A Nbw Tale of Babes in a 

Wood. 8tf. 

Part IV.— A Night and a Day, or The Dry and the Knioht. Thb New 
Bank Note. The Royal Visit. A King's Walk on a Wintbr's Day. M. 

Part v.— Story of a Cat. Told by Herself. Sd, 

Part VI. The Story of Three Monkeys. &f. 



BELL AISTD DALDY'S ILLUSTEATED SERIES 

OF SCHOOL BOOKS. 

Gaadb I. 
School Primer. 65 Illustrations. 6<i 

Grade II. 

School Reader. By J. Tilleard. Hon. Mem. and Examiner, 

Colleffe of Preceptors. Nnmerons Illastrations. Is, 
Poetry Book for Schools. 37 Illastrations. 1«. 

Grade III. 

The Life of J98eph. 16 Illastrations. Is. 

Scripture Parabks. By Bev. J. E. Clarke. 16 Illust. Is. 

Scripture Miracles. By Bev. J. £. Clarke. 16 Illust. Is. 

Grade IV, 

New Testament History, in Simple Language. By the Bey. 

J. O. Wood, M.A. 16 Illastrations. Is, 
Old Testament History, in Simple Language. By the Bey. 

J. G. Wood, M.A. 17 Iilnstrstions. U, | 

Grade V, 
The Story of Banyan's Pilgrim's Progrese. 16 Blust 1«. 



